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£�: ê¼ó�½Â. S ��!�ê

lÑ�mëê: tXn : n ě 0u, n P Z`.

P pXn`1 “ j|Xn “ i,X0 “ i0, ¨ ¨ ¨ , Xn´1 “ in´1q “ pij ,

ëY�mëê. tXt : t ě 0u, t P r0,8q.

½Â2.0.1. @n, 0 ď t1 ă ¨ ¨ ¨ ă tn ă s ă t` s, 9

Ùi1, ¨ ¨ ¨ , in, i, j P S,

P pXt`s “ j|Xs “ i,Xt1 “ i1, ¨ ¨ ¨ , Xtn “ inq “ P pXt`s “ j|Xs “ iq,

K¡tXtu ´(ëY�mëê�)ê¼ó.

�à: ‹‹ Ø�6ut.

=£VÇ: pijptq :“ ‹‹; =£Ý
: Pptq :“ ppijptqqi,jPS .
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§2.1 ÑtL§(Poisson Process)

�!Äu�ê©Ù
 

𝜉1 𝜉2 𝜉3 𝜉4 

𝑆1 𝑆2 𝑆3 𝑆4 0 

𝑋𝑡 = 2 

ξ1, ξ2, . . . i.i.d. „ Exppλq. P pξ ą tq “ e´λt.

Sn :“ ξ1 ` ¨ ¨ ¨ ` ξn, S0 :“ 0.

Xt :“ |tn ě 1 : Sn ď tu| “ suptn ě 0 : Sn ď tu.

½Â2.1.1. ÑtL§: tXt : t ě 0u.

���m: ξ1, ξ2, ¨ ¨ ¨ ; ����/a��m: S1, S2, ¨ ¨ ¨

Ñt6: tSn : n ě 1u “ tS1, S2, . . .u.

�Ç/ëê/rÝ: λ.
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½n (½n2.1.3)

Xt Ñlëê�λt �Ñt©Ù.

�½t. P pXt “ 0q “ P pS1 ą tq “ e´λt.

@k ě 1. tXt “ ku “ tSk ď tă Sk`1u.
 

𝑆1 = 𝑠1 𝑆2 = 𝑠2 0 

𝜉1 = 𝑥1 𝜉2 = 𝑥2 𝑡 sr “ x1 ` ¨ ¨ ¨ ` xr,

Ck :“ t~x P Rk : x1, ¨ ¨ ¨ , xk ě 0, � sk ď tu,

Dk :“ tp~x, xk`1q : ~x P Ck, � xk`1 ą t´ sku.

tSk ď t ă Sk`1u “ tpξ1, ¨ ¨ ¨ , ξk, ξk`1q P Dku.

P p‹q “

ż

p~x,xk`1qPDk

λk`1e´λsk`1d~xdxk`1

“

ż

~xPCk

λke´λske´λpt´skq
:::::::::::::::

d~x “ λke´λt
::::::

ˆ
tk

k!
.
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½n (½n2.1.4)

�½T . XT , η1, η2, ¨ ¨ ¨ �pÕá, ηn „ Exppλq.

 

𝜉3 

𝑆1 = 𝑠1 𝑆2 = 𝑠2 𝑆3 𝑆4 0 

𝜂2 𝜂1 𝜉1 = 𝑥1 𝜉2 = 𝑥2 𝑇 

ò
::::::::::::::::::::::::::::::::::::
tXT “ k, η1 ą t1, η2 ą t2 ¨ ¨ ¨ , ηn ą tnu U��

tSk ď T, Sk`1 ą T ` t1, ξk`2 ą t2, ¨ ¨ ¨ , ξk`n ą tnu.

�I�yP p‹‹q “ pλT qk

k! e´λT ¨ e´λt1 .

P p‹‹
::
q “ P pSk ď T, Sk`1 ą T ` t1q ˆ e

´λpt2`¨¨¨`tnq.
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 �yP pSk ď T , Sk`1 ą T ` t1q “
pλT qk

k! e´λT ¨ e´λt1 .

sr “ x1 ` ¨ ¨ ¨ ` xr,

Ck :“ t~x P Rk : x1, ¨ ¨ ¨ , xk ě 0, � sk ď T u,

D̂k :“ tp~x, xk`1q : ~x P Ck, � xk`1 ą pT ´ skq ` t1u.

tSk ď T , Sk`1 ą T ` t1u “ tpξ1, ¨ ¨ ¨ , ξk, ξk`1q P D̂ku.

P p‹q “

ż

p~x,xk`1qPD̂k

λk`1e´λsk`1d~xdxk`1

“

ż

~xPCk

λke´λske´λpT´sk`t1q
:::::::::::::::::::

d~x “ λke´λpT`t1q
:::::::::::

ˆ
T k

k!
.

5: �ê©Ù�ÃPÁ5. tSk ď T ă Sk`1, Sk`1 ą T ` t1u,

P pξk`1 ą pT ´ skq ` t1|ξk`1 ą pT ´ skqq.
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íØ2.1.5 �½T ą 0. tYt :“ XT`t ´XT u ´�Ç�λ �Ñ

tL§, ��XT Õá. 

𝜉3 

𝑆1 = 𝑠1 𝑆2 = 𝑠2 𝑆3 𝑆4 0 

𝜂2 𝜂1 𝜉1 = 𝑥1 𝜉2 = 𝑥2 𝑇 

íØ2.1.6. @r ě 1, 0 “ t0 ă t1 ă ¨ ¨ ¨ ă tr, @k1, ¨ ¨ ¨ , kr,

P pXti ´Xti´1 “ ki, i “ 1, ¨ ¨ ¨ , rq “
r
ź

i“1

P pXti´ti´1 “ kiq.
 

0 𝑡1 

𝑋𝑡1 − 𝑋𝑡0  

 

𝑡2 𝑡3 

𝑋𝑡2 − 𝑋𝑡1  

 

𝑌(1) 

𝑌(2) 

𝑋𝑡3 − 𝑋𝑡2  

 

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 
@r ě 1, 0 “ t0 ă t1 ă ¨ ¨ ¨ ă tr, @k1, ¨ ¨ ¨ , kr,

P pXti ´Xti´1 “ ki, i “ 1, ¨ ¨ ¨ , rq “
r
ź

i“1

P pXti´ti´1 “ kiq.

íØ2.1.8(ê¼5). @r ě 1, 0 ď t1 ă ¨ ¨ ¨ ă tr ă t ă t` s,

0 ď k1 ď ¨ ¨ ¨ ď kr ď k ď `,

P
`

Xt`s “ `
ˇ

ˇXt “ k,Xt1 “ k1, ¨ ¨ ¨ , Xtr “ kr
˘

“ P pXt`s “ `|Xt “ kq “ P pXs “ `´ kq.

5: ÑtL§´Õá!²
::::
OþL§. (½Â2.1.17)
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�!Äuþ!©Ù�Ñt©Ù

Ñt6: tSn : n ě 1u “ tS1, S2, ¨ ¨ ¨ u
∆
“ Ξ.

�Å:8: Ξpωq “ tS1pωq, S2pωq, ¨ ¨ ¨ u Ď R`.

XT pωq “ |r0, T s X Ξpωq|.

~. ��5Ô���âf�L§, tXtu.
 

0 
𝑡 = 𝑛 × ∆𝑡 𝑝 = 𝜆 × ∆𝑡 

·K2.1.9. P pS1 ď s|XT “ 1q “ s{T , @s ă T .

y: tS1 ď su vs tS1 ď T ă S2u.

·K2.1.10. 3tXT “ ku þ, pS1, ¨ ¨ ¨ , Skq �^��Ý�

k!

T k
ˆ 1t0ăs1ă¨¨¨ăskăT u.

5: k �i.i.d. Up0, 1q �ÅCþ�^SÚOþ�éÜ�Ý.

5A^�ÅL§6Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

5: Ξ1 “ ΞX r0, 1s
d
“ tU1, ¨ ¨ ¨ , UZu, Ù¥Z „ P pλq, Ui’s

„ Up0, 1q, �ÜÕá. (½n2.1.3, ·K2.1.9 & 2.1.10).
 

𝜉3 

𝑆1 = 𝑠1 𝑆2 = 𝑠2 𝑆3 𝑆4 0 

𝜂2 𝜂1 𝜉1 = 𝑥1 𝜉2 = 𝑥2 𝑇 

5: Ξ1 �ΞX r1,8q Õá, (vs½n2.1.4 & íØ2.1.5.).

·K2.1.11(Ñt6��E). Zn’s, Un,i’s Õá, Zn „ P pλq,

Un,i „ Upn´ 1, nq. K
Ť8
n“1tUn,1, ¨ ¨ ¨ , Un,Znu ´Ñt6.

 

Ξ1 
Ξ2 

Ξ3 
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n!ÑtL§/Ñt6�Ü¿�[©

½n2.1.12. Ñt6�ÑtL§�Ü¿.

(1) �Ξ, Ξ̂ Õá, �Ç: λ1, λ2. KΞY Ξ̂ ´‹, �Ç�λ1 ` λ2.

(2) �tXtu, tYtu Õá, ‹. KtXt ` Ytu ´‹, ‹.

 

y: � Ξ: Ξn’s, i.i.d., Ξ1 “ tU1, ¨ ¨ ¨ , UZu;

Ξ̂: Ξ̂n’s, i.i.d., Ξ̂1 “ tŨ1, ¨ ¨ ¨ , ŨW u; �ÜÕá.

K ΞY Ξ̂: pΞn Y Ξ̂nq’s, i.i.d., Ξ1 Y Ξ̂1
d
“ tU1, ¨ ¨ ¨ , UZ`W u.

½n2.1.13. b�Ξ ´�Ç�λ �Ñt6. KΞ̃ �Ξ̂ ´�pÕ

á�Ñt6, �Ç©O�λp �λp1´ pq.

5: /�0Ñt6= Õá�/�0Ñt6.
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~2.1.15 (EÜÑtL§). tXtu ´ÑtL§, �Ç�λ. φ1, φ2, ¨ ¨ ¨

i.i.d. ��tXtu Õá. EÜÑtL§: tYt “
řXt
n“1 φnu.

�X, À1ì, 1n �kφn �<.

Yt: ��t �c�����oê.

U�muÐ\O; ½UÀ1ì¥���ê?1©a\O:

Yt “
8
ÿ

k“1

kX
pkq
t , Ù¥ X

pkq
t “

Xt
ÿ

n“1

1tφn“ku.

�X, �'%/��k50 <�À1ì0,

X̂t :“ ��t �c���ìê“
ř8
k“50X

pkq
t , �ÑtL§,

Ŷt :“ ��t �c�����oê“
ř8
k“50 kX

pkq
t .
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 o!o(�ÿÐ

Ñt6�(�: �ê©Ù!Ñt©Ù& þ!©Ù.

Ñt6ØÓ�m«m�Õá5!²5;

ÑtL§�Õá!²Oþ5.

ÑtL§�ê¼5, =£VÇ.

Ñt6�Ü¿�(�Úf)[©:

/�0O¨
ÐÝ
ÝÑ k�½���Õá�/�0O¨.
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§2.2 aL§��E9Ù=£VÇ

�!Õá�êO¨�.

@i P S, ���O¨, �Ç�qi ě 0; Úftp̂ij : j ‰ iu.

b�: eqi “ 0 (áÂ�), K p̂ii :“ 1;

eqi ą 0, K p̂ii :“ 0,
ř

j‰i p̂ij “ 1.

�O¨[©��|�O¨:

qij :“ qip̂ij , @j ‰ i; Ö¿½Â qii :“ ´qi.

Q “ pqijqSˆS ��ÇÝ
(½Â2.2.1):

qij ě 0, @j ‰ i;
ÿ

jPS

qij “ 0, @i P S.

�L5, �|�O¨�Ü¿��O¨.

qi “
ÿ

j‰i

qij ă 8, p̂ij “

#

qij{qi, qi ą 0, j ‰ i;

1tj“iu, qi “ 0.
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�!aL§�½Â

i\ótX̂nu: ±P̂ “ pp̂ijqSˆS �=£Ý
�ê¼ó.

O¨: .��m.

�ξ0, ξ1, ξ2, . . . i.i.d. „ Expp1q, �tX̂nu Õá.

5: ξ „ Expp1q, Kη “ ξ{q „ Exppqq.

���m: ηn “
ξn
qX̂n

, n “ 0, 1, 2, ¨ ¨ ¨ .

η0 “
ξ0

qX̂0

, η1 “
ξ1

qX̂1

, η2 “
ξ2

qX̂2

, . . .

 

𝑆 

𝑖 

𝜂𝑛~Exp(𝑞𝑖) 

�̂�𝑛 = 𝑖 𝑖 

𝑛 

𝑋𝑡 = 𝑖 

𝑆𝑛 𝑆𝑛+1 

𝑆 
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5: 3tX̂nu “~i �^�e,

η0, η1, η2, . . . �pÕá, ηn “
ξn
qin

„ Exppqinq.

a���: ~. S1 “ η0 �1�ga���.

S0 :“ 0; Sn “ η0 ` η1 ` ¨ ¨ ¨ ` ηn´1, n “ 1, 2, ¨ ¨ ¨

©ã½Â;�:

X|rS0,S1q :“ X̂0, X|rS1,S2q :“ X̂1, . . . .

�cJ:

P
´

lim
nÑ8

Sn “ 8
ˇ

ˇX̂0 “ i
¯

“ 1, @i P S.

5: ¿©^�: tX̂nu ~�. (Ún2.3.1, íØ2.3.2).

,k¿©^�: Ún2.2.2, (·K2.2.59Ù)íØ2.2.6.
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n!~f(ï�§¢�)

o!=£VÇ�=£�Ç

pijptq “ PipXt “ jq: n ě 0, i0 “ i, in “ j.

PipX̂1 “ i1, . . . , X̂n “ in;Sn ď t ă Sn`1q.

·K2.2.13 (ê¼5).0 ď t1 ă ¨ ¨ ¨ ă tn ă t, s ą 0,

P pXt`s “ j|Xt “ i,Xt1 “ i1, ¨ ¨ ¨ , Xtn “ inq “ pijpsq.

íØ2.2.14 (Chapman-Kolmogorov �ª).

Ppt` sq “ PptqPpsq, = pijpt` sq “
ÿ

k

pikptqpkjpsq.

½n2.2.15 (ëY��5). P1p0q “ Q, =p1ijp0q “ qij , @i, j.

·K2.2.15. Kolmogorov c?!�ò�§:

P1ptq “ PptqQ “ QPptq, = p1ijptq “
ÿ

kPS

pikptqqkj “
ÿ

kPS

qikpkjptq.
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Ê!Ä��

τD :“ inftt ě 0 : Xt P Du. τtiu
∆
“ τi.

 

𝑆 

𝑖 𝑖 

�̂�𝑖 = 6 𝜏𝑖 = 𝑆6 

𝑆 

0 1 2 3 4 5 6 𝑆0 𝑆1 𝑆2 𝑆3 𝑆4 𝑆5 𝑆6 

i\ó�Ä��P�τ̂D. K

τD “ Sτ̂D , e τ̂D ă 8; τD “ 8, e τ̂D “ 8.

5: aq/, X0 “ i �, τi “ 0 ă σi.

σD :“ inftt ě S1 : Xt P Du “ Sσ̂D ½ 8.

xi “ Pipτ̂D ă 8q, yi :“ EiτD ��§|.
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§2.3 ~�

��!pÏ!Ø��!~�/�~�: �i\ó�Ó!

~�: Pi p@t ą 0, Ds ą t, s.t. Xs “ iq “ 1.

ÄK�~�(6�). (½Â2.3.4)

��¼ê: ζ1, ζ2, ¨ ¨ ¨ i.i.d., „ Exppqiq.

Vi :“

ż 8

0
1tXt“iudt “

#

ζ1 ` ζ2 ` ¨ ¨ ¨ , e V̂i “ 8,

ζ1 ` ¨ ¨ ¨ ` ζr, e V̂i “ r.

Gij :“EiVj “

ż 8

0
pijptqdt “

1

qj
Ĝij .

·K2.3.4. i ~�iff i ´P̂ �~��iff Gii “ 8.

5: ~�a!~�ê¼ó.
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§2.4. �~��ØC©Ù

b�Ø��!~�, |S| ą 1.

Ún2.4.1. �X0 “ i. pσi,1, ζi,1q, pσi,2, ζi,2q, ¨ ¨ ¨ i.i.d..

 

𝑇1 

𝑡 

𝑆 

𝜁1 𝜁2 𝜁3 

𝑇2 𝜎1 𝜎2 

𝑖 

𝑇0 = 0 

5: ¯¢þ, X|rT0,T1q, X|rT1,T2q, ¨ ¨ ¨ i.i.d., i1.
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·K (�¯ªÇ, ·K2.4.2)

P

ˆ

lim
tÑ8

1

t

ż t

0
1tXs“iuds “

1

qiEiσi

˙

“ 1.

y: ‹ « Sr
Tr
«

Eζ1
Eiσi

.

 

𝑇𝑇1 

𝑆𝑆 

𝜁𝜁1 𝜁𝜁2 𝜁𝜁3 

𝑇𝑇2 𝜎𝜎1 𝜎𝜎2 

𝑠𝑠 
𝑠𝑠 

�~�: Eiσi ă 8;

vs "~�. (½Â2.4.3)

,, ‹ «
Eo

şσo
0 1tXt“iudt

Eoσo
.

·K2.4.6(& Ún2.4.5).

b�Ø��!~�. Kµ �ØCÿÝ: @s ą 0,

ÿ

jPS

µjpjipsq “ µi, i P S.
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½n2.4.8. �Ø��. Ke¡n^�d:

(1) ¤kG��~�, (2) �3�~��, (3) �3ØC©Ù.

(½Â2.4.7. πPptq “ π, @t.) AO/,

πi “
1

qiEiσi
“

1

Eoσo
Eo

ż σo

0
1tXt“iudt.

íØ2.4.9. �Ø��!~�. K

eπ ´S þ�ÿÝ(©Ù), KπQ “ 0 iff πi9 µi (ØC©Ù).

y: πQ “ 0 iff
ÿ

j

πjqji “ 0,@iô
ÿ

j‰i

πjqj
:::

p̂ji “ πiqi
:::

,@iô π̂
:
P̂ “ π̂.

µ̂ ´µ̂P̂ “ µ̂ �/��0).

µ̂i :“ Eo

σ̂o´1
ÿ

n“0

1
tX̂n“ju

. µi “
1

qi
¨ µ̂i, = µiqi “ µ̂i.

πQ “ 0 iff πiqi9µiqi, =πi9µi.
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~2.4.11. )«L§, S “ Z`. βi “ qibi; δi “ qidi. (b0 “ 1)

(1) ���>.�SRW. �bi “ di “ 1{2, i ě 1.

tX̂nu "~�. ���ØCÿÝ: µ0 “ 1{2; µi ” 1, i ě 1.

)�§πQ “ 0:

π0β0 “ π1δ1, π1pβ1 ` δ1q “ π0β0 ` π2δ2, ¨ ¨ ¨

=, π0β0 “ π1δ1, π1β1 “ π2δ2,

��tXtu �ØC©Ù/X:

πi “ π0
β0 ¨ ¨ ¨βi´1

δ1 ¨ ¨ ¨ δi
“ π0

b0 ¨ ¨ ¨ bi´1

d1 ¨ ¨ ¨ di
ˆ
q0

qi
“ π0 ˆ

1

2
ˆ
q0

qi
.

�q0 “ 1, qi “ i2, i ě 1 ¦��8�z. u´, tXtu �~�.

(2) ?��~��tX̂nu, ØC©ÙP�µ̂.

-qi “ µ̂i, @i. KπQ “ 0 iff πi9µi “ µ̂i{qi “ 1, Ø�8�z,

�tXtu "~�.
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o(:

�~�: Eiσi ă 8.

�~�iff �3ØC©Ùπ. d�, πi “
1

qiEiσi
.

�~�. )(�d)�§πQ “ 0, π̂P̂ “ π̂. /��0).

VÇ6�Ç:
ř

j‰i πjqji “ πiqi.

H{½n(§2.4 SK3 „ 5):

ÿ

iPS

ˇ

ˇ

ˇ

ˇ

1

t

ż t

0
1tXs“iuds´ πi

ˇ

ˇ

ˇ

ˇ

Ñ 0, lim
tÑ8

1

t

ż t

0
fpXsqdsÑ

ÿ

iPS

πifpiq, a.s..

rH{(§2.4 SK6):

lim
tÑ8

pijptq “ πj , @j.
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§2.5 _L§��_©Ù

b�Q Ø��!�~�. π �ØC©Ù. -

q̃ij “
πjqji
πi

, @i, j P S; Q̃ “ pq̃ijqSˆS .

πQ “ 0, =πiqi “
ř

j‰i πjqji “
ř

j‰i πjqj p̂ji.

�, Q̃ E��ÇÝ
, �q̃i “ qi.

ÿ

j‰i

q̃ij “
ÿ

j‰i

πjqji
πi

“ qi “ ´qii “ ´ q̃ii.

Q̃ éA�i\ó: @j ‰ i,

q̂ij :“
q̃ij
qi
“
πjqj p̂ji
πiqi

“
π̂j p̂ji
π̂i

.

5: eπ̂ �8�z, KtX̂nu �_L§±pq̂ijq �=£Ý
.
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q̃ij “
πjqji
πi

. Q̃ �O¨�Ç�q̃i “ qi, Úf�q̂ij “ π̂j p̂ji{π̂i.

�m�_L§: Yt :“ XpT´tq´, 0 ď t ď T .

 

𝑇 

𝑋𝑡 

𝑇 𝑇 − 𝑡2 𝑡2 

𝑌𝑡 

𝑇 − 𝑡1 𝑡1 

�*: tYtu ����m�qi, =£VÇ�q̂ij “ π̂j p̂ji{π̂i.

·K2.5.1. tYtu ´aL§, �ÇÝ
�Q̃.

�_©Ù(½Â2.5.2): π ´ØC©Ù, �÷v[�²ï^�:

πiqij “ πjqji, @i, j P S.

5: ‹‹ ñ πQ “ 0. ØU�K‹‹/~�5b�, �~2.6.1.

�_L§: π ��_©Ù, X0 „ π.
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~2.2.10 & 2.4.12 & 2.5.4. üèXÚ.

M/M/1:

 

𝛼 
𝜆 

ï�: S “ Z`. βi “ λ; δi “ α.

 

𝜆 𝛼 

0 

i\ó: Z` þ���9�RW.

�, α ă λ: �~�; λ ď α: ~�.

M/M/s �M/M/8. ï�:

δi “

#

αi, i ď s,

αs, i ą s,
δi “ αi.
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 �λ ď α (~�). )πQ “ 0, íÑØC©Ù/X:

πi “ π0
β0 ¨ ¨ ¨βi´1

δ1 ¨ ¨ ¨ δi
“ π0

ˆ

λ

α

˙i

, i ě 1.

λ “ α: "~�(Ø�8�z). λ ă α: �~�(�8�z).

�λ ă α (�~�). π0 “
α´λ
α . X0 „ π (vs AÛ©Ù).

²þ�Ý: EXt “
λ

α´λ , Xt „ π.

ÑÖ
ëYó��m: E0σ0 ´ E0S1 “
1

q0π0
´ 1

q0
“ 1

µ´λ .

[�²ï^�¤á, �π ��_©Ù.
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X0 „ π, KtXtu ´�_L§. Ïd

ΞT :“ tS1, ¨ ¨ ¨ , SNu
d
“ T ´ ΞT , ΞT “ tT1, ¨ ¨ ¨ , TMu

 

𝑇 0 

0 𝑇 

𝑠 

𝑇 − 𝑠 

𝑇 − 𝑡 

𝑡 

��lm���Ξ /¤Ñt6, �Ç�λ.

?�Ú, �Ä1��(Gé)ÑÖÕ.

 

𝛼 𝛽 
𝜆 

=£�Ç:

qpi,jqpi`1,jq “ λ, qpi`1,jqpi,j`1q “ α, qpi,jqpi,j´1q “ β.

ØC©Ù: µpi,jq “ p
λ
αq
i α´λ
α ˆ pλβ q

j β´λ
β .
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