
 

1�Ù!ê¼ó
§1.1 ½Â�~f

1.½ÂlÑ.©Ù/�ÅCþ.

S: �ê8, ��/ �/G��m.

i P S: �/ �/G�.

2 

3 

1 

4 

5 

©Ù(�), Úf: tpi, i P Su.�ÅCþ, âf: P pX “ iq “ pi, @i.ê¼ó(�.)£ã��3S þ$Ä�âf.lÑ�m: n “ 0, 1, 2, . . ., n P Z`.âf� �: ����uS ��ÅCþ
X0,X1,X2, . . . , ǑPǑ tXnu.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

$ÄÅ�/VÇ=£ã: z� �i þ��Úftpij, j P Su.
(1) pij ě 0, @i, j;
(2)

ř

j pij “ 1, @i.
p12 

p13 

p14 

1 2 

3 
4 

5 
p54 

p52 

p55 

=£(VÇ)Ý
:

P “ ppijqi,jPS “ ppijqSˆS “ ppijq.

tXnu ´(�à)ê¼ó�:

@n ě 0; @i, j, i0, . . . , in´1 P S,eP pA,Cq ą 0, K
P

`

Xn`1 “ j
ˇ

ˇXn “ i,X0 “ i0, . . . ,Xn´1 “ in´1

˘

“ pij .5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

ê¼ó= u�Å�: P “ ppijqSˆS .2�þ�©Ùµ: µi “ P pX0 “ iq, ��k��;�©Ù:

P pX0 “ i0,X1 “ i1, . . . ,Xn “ inq
“P pX0 “ i0, . . . ,Xn´1 “ in´1q

ˆ P pXn “ in|X0 “ i0, . . . ,Xn´2 “ in´2,Xn´1 “ in´1q

“P pX0 “ i0,X1 “ i1, . . . ,Xn´1 “ in´1q ˆ pin´1in “ ¨ ¨ ¨

“µi0pi0i1 . . . pin´2in´1pin´1in .½ö,

P pX0 “ i0q “µi0 ,

P pX0 “ i0,X1 “ i1q “µi0pi0i1 ,

P pX0 “ i0,X1 “ i1,X2 “ i2q “µi0pi0i1pi1i2 , ¨ ¨ ¨ ¨ ¨ ¨5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

2. ~f~1.1.1. ���ÅiÄ. S “ Z.{ü�ÅiÄ: pi,i`1 “ pi,i´1 “ 1

2
.

 ;��ÅiÄ: pi,i`1 “ 1 ´ pi,i´1 “ p.;�ã:
 

S 

n ���ÅiÄ: ξ1, ξ2, . . . i.i.d., Sn “ ξ1 ` . . . ` ξn´1 ` ξn.

 

 
 5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

�'�.:áÂ9  

0 ��9  

0 Ê¢>./«mþ
 

0 N lÑ��þ  

 

 

 

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~1.1.11. ãþ�({ü)�ÅiÄ.ãG “ pV,Eq.

 

 ��m: S “ V .

pi,j “
#

1

di
, ej „ i,

0, ÄK.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~1.1.8. Ehrenfest�.. N �¥, ü���A, B.zgÕá/�ÅÀ��¥, r§��,����¥.

Xn: n gö����A �G�, =, Ù¥¥��ê.KtXnu ´ê¼ó.

S “ t0, 1, . . . , Nu,

pi,i´1 “ i

N
, pi,i`1 “ 1 ´ i

N
.

 

 
1 

1 

i 0 N 

 5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~1.1.9 & 1.1.10. L1, L2, . . . i.i.d., ���ê.

 

     

   

   

Xn: ���{Æ(�#L§). S “ Z`.

pi,i´1 “ 1, @i ě 1, p0,i “ P pL “ i ` 1q, @i ě 0.

Yn: ��®²�^��m(PzL§). S “ Z`.

pi,i`1 “ 1 ´ pi,0, @i ě 0.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

3. 5�
P pXn`1 “ j|Xn “ i, ~Z “~iq “ pij,

~Z “ pX0, . . . ,Xn´1q, ~i “ pi0, . . . , in´1q.d^�VÇ�½ÂPApBq “ P pABq
P pAq �,

P pB|A,Cq “ P pA,B,Cq
P pA,Cq “ PApB,Cq

PApCq “ PApB|Cq.�Èê¼ó½Â: PApXn`1 “ j|~Z “~iq “ pij. (Ø�6u~i.)3PA e, Xn`1, ~Z �pÕá:

PApXn`1 “ j, ~Z “~iq “ pij ˆ PAp~Z “~iq.é~i �Ú�PApXn`1 “ jq “ pij, 2�\þª=�.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

·K1.1.12.(ê¼5).3®�y3(�G�)�^�e, ò5�L��pÕá.y3: �Ǒn, CþXn; ®�: Xn“ i.ò5: ~Y “ pXn`1, . . . ,Xn`mq; L�: ~Z “ pX0, . . . ,Xn´1q.®�A “ tXn “ iu,ò5¯�B “ t~Y “ pj1, . . . , jmq “: ~ju;L�¯�C “ t~Z “ pi0, . . . , in´1q “:~iu.·K1.1.12. @n,m, @~i, @~j, Ñk
PApB|Cq “ pij1 . . . pjm´1jm.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

·K1.1.12.�y²:

A “ tXn “ iu, B “ t~Y “ ~ju, C “ t~Z “~iu.

PApB|Cq “P pB|A,Cq “ P pC,A,Bq
P pA,Cq

“µi0pi0i1 . . . pin´1i ˆ pij1 . . . pjm´1jm

µi0pi0i1 . . . pin´1i

“pij1 . . . pjm´1jm.51. þªm>Ø�6u~i. Ïd, 3PA e, ~Y �~Z �pÕá.52: AO/, Ö¿½ÂY0 “ Xn,K3PA �PA,C e, tYmu ´li Ñu�ê¼ó.53. 3PA e, @1 ď m1 ă . . . ă mr; 0 ď n1 ă . . . ă ns ă n,

pXn`m1 , . . . ,Xn`mrq �pXn1 , . . . ,Xnsq �pÕá.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

 

S 

n 

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

SK10.

 

S 

n 

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

n Ú=£VÇ:

p
pnq
ij :“ P pXm`n “ j|Xm “ iq.

@r ě 1, @0 ă n1 ă ¨ ¨ ¨ ă nr, @i0, i1, ¨ ¨ ¨ , ir,

P pX0 “ i0,Xn1 “ i1, . . . ,Xnr “ irq

“P pX0 “ i0,Xn1 “ i1, . . . ,Xnr´1 “ ir´1q

ˆ P pXnr “ ir|X0 “ i0,Xn1 “ i1, . . . ,Xnr´1 “ ir´1q
“P pX0 “ i0, . . . ,Xnr´1 “ ir´1qP pXnr “ ir|Xnr´1 “ ir´1q

“µi0p
pn1q
i0i1

p
pn2´n1q
i1i2

. . . p
pnr´nr´1q
ir´1ir

.

n Ú=£Ý
: pppnq
ij qSˆS “: Ppnq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

Chapman-Kolmogorov�ª:

p
pn`mq
ij “

ÿ

k

p
pnq
ik p

pmq
kj .VÇÆÝ: d�Vúª,

P pXn`m “ j|X0 “ iq

“
ÿ

k

P pXn`m “ j,Xn “ k|X0 “ iq

“
ÿ

k

P pXn “ k|X0 “ iqP pXn`m “ j|Xn “ k,X0 “ iq.Ý
ÆÝ: Ppn`mq “ Ppnq ˆ Ppmq.d8B{�, Ppnq “ Pn.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

4. Ö¿.·K1.1.12.(ê¼5).3®�y3(�G�)�^�e, ò5�L��pÕá.g�: b�U0, U1, U2, ¨ ¨ ¨ i.i.d., U0 „ Up0, 1q.XÛ^U0, U1, U2, ¨ ¨ ¨ �Eê¼ó?

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

ê¼ó�.éA��ÅÁ�.��/;�:

Ω :“ tω “ pω0, ω1, ω2, . . .q : ωn P S,@n ě 0u.

(�I)L§:

X0pωq :“ ω0, X1pωq :“ ω1, X2pωq :“ ω2, . . .

σ-�ê:

F : “ σpGq “ σpCq,

G : tXn “ iu, @n ě 0, @i P S,

C : Ci0i1...in “ tX0 “ i0,X1 “ i1, . . . ,Xn “ inu (Î8).5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 VÇ: D! P ��
P pX0 “ i0,X1 “ i1, ¨ ¨ ¨ ,Xn “ inq

“P pCi0i1...inq “ µi0pi0i1 ¨ ¨ ¨ pin´1in , @n ě 0,@i0, i1, ¨ ¨ ¨ , in P S.

P Ǒ´tXnu �“éÜ©Ù”, �¡Ǒ;�©Ù.�ÅL§�;�©Ù.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§1.2 ØC©Ù��_©Ù
1.ØC©Ù�©Ùµ & =£Å�P “ ppijq.

PµpX0 “ i0,X1 “ i1, . . . ,Xn “ inq “ µi0pi0i1 . . . pin´1in .�µi “ 1 �, Pµ {PǑPi.

Pµ �Pi:

PµpAq “
ÿ

i

µiPipAq, PipAq “ PµpA|X0 “ iq.

X1 �©Ù:

PµpX1 “ jq “
ÿ

i

PµpX0 “ i,X1 “ jq “
ÿ

i

µipij “ pµPqj.

X2 �©Ù: pµPqP “ µP2, ¨ ¨ ¨ . ½, Xn �©Ù:

PµpXn “ jq “
ÿ

i

µip
pnq
ij “ pµPnqj .5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

ØC©Ù/ÿÝ(½Â1.2.1): eπ ´©Ù/ÿÝ, �
ÿ

i

πipij “ πj, @j,K¡π ǑØC©Ù/ÿÝ.

P : µ ÞÑ µP. ØC©Ù= �5C�P �(�)ØÄ:.AÆ�þ: πP “ π, P1 “ 1. (Perron-Frobenius ½n)

P : f ÞÑ Pf ,

pPfqpiq “
ÿ

j

pijfpjq “ EifpX1q.mØÄ:�¡ǑNÚ¼ê.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

X0 „ π KXn „ π, @n ě 0. ØC©Ù= XÚ u�.e
pX0,X1, . . . ,Xmq d“ pXn,Xn`m, . . . ,Xn`mq, @n,m ě 0,K¡tXnu ². ØC©Ù= �)²L§.b�tXnu ², f : S8 Ñ S1. -Yn “ fpXn,Xn`1, ¨ ¨ ¨ q,KtYnu ².

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

VÇ6: @i,
ř

j πjpji “ πi,

ř

j‰i πjpji

“ πi
ř

j‰i pij

“ πip1 ´ piiq

π1p13 

1 2 

3 

4 

π3p31 

π3p32 

π2p23 

π4p43 

π3p34 

π3p33=π3p33 ØC©Ù= z�G��oÂ�o|�-.ØC©Ù= z�G�|�oÂ�o|�-.

ÿ

iPA

ÿ

j

πjpji “
ÿ

jPA

πi “
ÿ

iPA

ÿ

j

πipij,

ÿ

jRA,iPA

πjpji `
ÿ

i,jPA

πjpji “
ÿ

iPA,jRA

πipij `
ÿ

i,jPA

πipij.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~1.2.4. �#L§. L1, L2, . . . i.i.d., ě 1. �tYnu �ØC©Ù.

 

     

  VÇ=£ã:
  

0 i 
 

 �A “ ti, i ` 1, . . .u, Kπ0P pL ą iq “ πi.
ř

i πi “ π0p1 ` P pL ą 1q ` P pL ą 2q ` . . .q “ π0EL.ØC©Ù�3iff EL ă 8, d�πi “ 1

ELP pL ą iq, @i.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~1.2.5. S “ Z`, 1 “ ř8
k“1

pk ă m :“ ř8
k“1

kpk ă λ.

  

 

1 

i 0 i+k �Ai “ ti, i ` 1, i ` 2, . . .u.
 

i 0 �i “ 1 �: π1
λ

λ`1
“ π0.�i ě 2 �: πi

λ
λ`1

“ ři´1

j“1
πj

fi´j

λ`1
, Ù¥fr “ pr ` pr`1 ` . . ..

ř8
i“j`1

fi´j “ f1 ` f2 ` ¨ ¨ ¨ “ m, �
p1 ´ π0q λ

λ ` 1
ˆ 1 “ π0 ˆ 1 ` p1 ´ π0q 1

λ ` 1
ˆ m.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

2. �_©Ù[�²ï^�:

πipij “ πjpji, @i, j.[�²ï= zéG��Â|²ï,

π1p13 

1 2 

3 

4 

π3p31 

π3p32 

π2p23 

π4p43 

π3p34 

π3p33=π3p33 

�_©Ù/�¡ÿÝ(½Â1.2.7):÷v[�²ï�©Ù/ÿÝ.e�3�_©Ù/�¡ÿÝ,K¡P Ǒ�_�/��¡�.�¡ñ ØC. �_©Ùiff �¡& 8�.��¡�¹Â:

qij “
c

πi

πj
pij , Q “ QT .5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

�_�¹Â:�½n. tXm : 0 ď m ď nu �(�m�)_L§Ǒ
tYm : 0 ď m ď nu, Ù¥ Ym “ Xn´m.

 

 

 

 

 

 

 

 

  

 

 

 

tYm : 0 ď m ď nu �(k��);�©Ù:

P pY0 “ i0, Y1 “ i1, . . . , Yn´1 “ in´1, Yn “ inq

“P pX0 “ in,X1 “ in´1, . . . ,Xn´1 “ i1,Xn “ i0q
“πinpinin´1pin´1in´2 . . . pi1i0 .5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

_L§tYm : 0 ď m ď nu �(k��);�©Ù:

P pY0 “ i0, Y1 “ i1, . . . , Yn “ inq “ πinpinin´1 . . . pi1i0 .XJπ ´�_©Ù, =πipij “ πjpji, @i, j, �o,

πinpinin´1pin´1in´2 . . . pi1i0 “ πin´1pin´1inpin´1in´2 . . . pi1i0

“pin´1inπin´1pin´1in´2 . . . pi1i0

“pin´1inpin´2in´1πin´2 . . . pi1i0 “ ¨ ¨ ¨

“pin´1inpin´2in´1 ¨ ¨ ¨ pi0i1πi0 “ πi0pi0i1 ¨ ¨ ¨ pin´2in´1 .XJ�©Ùπ Ǒ�_©Ù, �otXnu �Ù_L§Ó©Ù.d�, ¡tXnu Ǒ�_�.�_©Ù= �)�_L§.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

XJπ ´ØC©Ù, �oP̂ “ pp̂ijqSˆS ´=£Ý
,Ù¥, p̂ij :“
πjpji

πi
÷v πjpji “ πip̂ij, @i, j.XJπ ´ØC©Ù, �o,

πinpinin´1pin´1in´2 . . . pi1i0 “p̂in´1inπin´1pin´1in´2 . . . pi1i0

“ ¨ ¨ ¨ “ πi0 p̂i0i1 ¨ ¨ ¨ p̂in´2in´1 .ê¼5: ®�y3(G�)�^�e, ò5�L�Õá.

 

 

 

 

 

 

 

 

  

 

 

 5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~1.2.10. )«ó.

 

  

 

 

 

π0b0 “ π1d1 ñ π1 “ π0
b0
d1
.

π1b1 “ π2d2 ñ π2 “ π1
b1
d2

“ π0
b0b1
d1d2

.

πi´1bi´1 “ πidi ñ πi “ πi´1
bi´1

di
“ . . . “ π0

b0...bi´1

d1...di
.8�z: -

C :“ 1 ` b0

d1
` b0b1

d1d2
` . . . .�C ă 8 �, �

π0 “ 1

C
, πi “ 1

C
¨ b0 . . . bi´1

d1 . . . di=��_©Ù. �C “ 8 �, ØC©ÙØ�3.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 ��_©Ù�Ú½:

(1) �½o.

@i ‰ o, én ě 1 ±9i0 :“ o, i1, ¨ ¨ ¨ , in :“ i, ��pi0i1 ¨ ¨ ¨ pin´1in ą 0, ¿-
πi “ πo

pi0i1 ¨ ¨ ¨ pin´1in

pi1i0 ¨ ¨ ¨ pinin´1

.

(2) �y[�²ï^�: πipij “ πjpji, @i, j.

(3) òπ 8�z.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~1.1.8, 1.2.10 & 1.2.11 Ehrenfest�..
 

 
1 

1 

i 0 N 

 

πi ˆ i
N

“ πi´1 ˆ N´pi´1q
N

.

πi “ N´i`1

i πi´1 “ . . . “ pN´i`1qpN´i`2q...pN`1´1q
ipi´1q...1 π0.

“ N !

pN´iq!i!π0 “ Ci
Nπ0.

π0
řN

i“0
Ci
N “ 1 ñ π0 “ 1

2N
.

i.e. π “ BpN, 1
2
q.

Yn P t0, 1uN “ HN . Xn “ fpYnq.

 

000 100 

010 

001 

µk “ 2´N , @k P HN .5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~1.2.12. ��;��ÅiÄ. pi,i`1 “ 1 ´ pi,i´1 “ p.

 

 

  �_©ÙØ�3. ÄK,

π1 “ π0
p

q
, ¨ ¨ ¨ π´1 “ π0

q

p
“ π0

p´1

q´1
, ¨ ¨ ¨ πi “ π0

pi

qi
, @i.�, þãπ Ø�±8�z.ØC©ÙØ�3. ÄK, �A “ ti, i ` 1 . . .u, KØC�§=CǑ[�²ï^�.

µi “ µ0, @i ´ØCÿÝ. �, A �oÂ‰ o|.

p “ 1

2
�, π Ò´µ. ¯¢þ, ØCÿÝ/��0.

p ‰ 1

2
�, π Ø´µ. ØCÿÝ/Ø��0.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

3. �¯ªÇ½n1.2.13 & ~1.2.14. �#½n.

 

     

   b�EL ă 8. ØC©Ù�3, �π0 “ 1

EL
.

Vn “ m iff Sm´1 ď n ă Sm, Ù¥Sm “ L1 ` . . . ` Lm.

SLLN: Sm

m

a.s.Ñ EL

ñ n
m

a.s.Ñ EL

ñ Vn

n

a.s.Ñ 1

EL
, (�#½n).

tXnu �¯G�0 �ªÇ a.s.Ñ π0.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

4. �¯VÇ�Âñ5~1.2.5. üG�ê¼ó.

P :

0 1

0

1

˜

1 ´ p p

q 1 ´ q

¸

  
0 1 

 
  

π0p “ π1q ñ π0 “ q
p`q , π1 “ p

p`q .AÆ�þ: πP “ π, P1 “ 1. (Perron-Frobenius ½n)

µ ÞÑ µP: X0 „ µ ñ X1 „ µP .

f ÞÑ Pf : pPfqpiq “ ř

j pijfpjq “ EifpX1q,
pPnfqpiq “ EifpXnq.ØÄ:: ØCÿÝ!NÚ¼ê.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 P “
˜

1 p

1 ´q

¸ ˜

1 0

0 1 ´ p ´ q

¸ ˜

q
p`q

p
p`q

1

p`q ´ 1

p`q

¸

Pn Ñ
˜

1 ‹
1 ‹

¸

¨
˜

1 0

0 0

¸ ˜

π0 π1

˚ ˚

¸

“
˜

π0 π1

π0 π1

¸

p
pnq
ij “ PipXn “ jq Ñ πj, @i, j.

µPn Ñ pµ0, µ1q
˜

π0 π1

π0 π1

¸

“ pπ0, π1q.

P pXn “ 0q Ñ π0, P pXn “ 1q Ñ π1.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 ØC©Ùπ ��3(��)5.�~�(Ø��).é?¿�©©Ùµ, ÑkµPn Ñ π?rH{½n.�¯i �ªÇÑ πi.H{½n.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§1.3 G��©a½Â1.1.3. ��, i Ñ j: PipDn ě 0 ��Xn “ jq ą 0.

 

 

 

 

 

 

½öj “ i,½öDn ě 1, i0, ¨ ¨ ¨ , in,
(i0 “ i, in “ j),��pi0i1 ¨ ¨ ¨ pin´1in ą 0.�3n ě 0 ��p

pnq
ij ą 0.y²: PipXn “ jq

ď PipDm ě 0 ��Xm “ jq
ď ř8

m“0
PipXm “ jq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

½Â1.3.3. pÏi Ø j: i Ñ j �j Ñ i.e¤ki, j ÑpÏ, K¡P (S, ê¼ó)Ø��, ÄK¡��.

 

 

 

 

 

 

pÏa: ris “ tj : j Ø iu.½Â1.3.5. e
pij “ 0, @i P A, @j R A,K¡A Ǒ48/4�.4�pÏa¡Ǒ4a.·K1.3.6. eA Ǒ��48, K
PipXn P A,@n ě 0q “ 1, @i.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§1.4 rê¼5��;�: ω “
´

X0pωq,X1pωq,X2pωq, . . .
¯

“ ~Xpωq.Ä��τi �Ä\�σi:

τipωq “τip ~Xq :“ inftn ě 0 : Xn “ iu.
σipωq “σip ~Xq :“ inftn ě 1 : Xn “ iu.

τi, σi ´�ÅCþ.~, τ3pωq “ 11, τ3pω̂q “ 17; τ0pωq “ 0, σ0pωq “ 4. 

 

   

i Ñ j: Pipτj ă 8q ą 0.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

�½i, {Pτ :“ τi. 3tτ ă 8u þ, -
~Y “ pY0, Y1, Y2, . . .q :“pXτ ,Xτ`1,Xτ`2, . . .q,

~Z :“pX0, . . . ,Xτ q.

 

 

   

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

�½n, P~i :“ pi0, i1, . . . , inq, -
In :“

!

~i P Sn`1 : i0, . . . , in´1 ‰ i � in “ i
)

.

 

 

 

 

 

 

 

P ~Xpnq :“ pX0, . . . ,Xnq.�(Ø1: e~i R In, K
t ~Xpnq “~iu Ď tτ ‰ nu, t~Z “~iu “ H.3tτi ă 8u þ, ~Z ´lÑ.. ��uŤ8

n“0
In.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

(i) e~i P In, K ~Xpnq “~i L²τ “ n, l~Z “ ~Xpnq “~i.

 

 

 

 

 

 

 

(ii) ~Z “~i L²τ “ n, l ~Xpnq “ ~Z “~i.�(Ø2: e~i P In, K
t~Z “~iu “ t ~Xpnq “~iu Ď tτ “ nu.e~i P In, K

P
`

~Z “~i
˘

“ P p ~Xpnq “~iq “ µi0pi0i1 . . . pin´1in .5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

·K (·K1.4.2)3tτi ă 8u u)�^�e,

(1) tYnu ´li Ñu�ê¼ó; (2) tYnu �~Z �pÕá.Pτi “ τ , ~i :“ pi0, . . . , inq; ~j :“ pj0, . . . , jmq,

B :“tpY0, . . . , Ymq “ ~ju “ tpXτ , . . . ,Xτ`mq “ ~ju,
C :“t~Z “~iu “ tpX0, . . . ,Xτ q “~iu.�I�y:

@n ě 0, @~i P In (d�(Ø1) ; @m ě 0, @~j P Sm`1,

Ptτă8upBCq “ 1tj0“iupj0j1 . . . pjm´1jm ˆ Ptτă8upCq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

B “ tpXτ , . . . ,Xτ`mq “ ~ju, C “ t~Z “~iu.£��(Ø2: e~i P In, K
t~Z “~iu “ t ~Xpnq “~iu Ď tτ “ nu.-B̂ :“ tpXn, . . . ,Xn`mq “ ~ju, Ĉ :“ t ~Xpnq “~iu.d�(Ø2�, ÏǑ~i P In, ¤±C “ Ĉ. l,

BC “ BĈ X tτ “ nu “ B̂Ĉ X tτ “ nu “ B̂Ĉ.u´
Ptτă8upBCq “ P pBCq

P pτ ă 8q “ P pB̂Ĉq
P pτ ă 8q

“
P pĈq ˆ 1tj0“iupj0j1 . . . pjm´1jm

P pτ ă 8q “ ‹‹ ˆ Ptτă8upCq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

�(Ø:e~i P In, K
tpX0, . . . ,Xnq “~iu Ď tτ “ nu. (1)e~i R In, K
tpX0, . . . ,Xnq “~iu Ď tτ ‰ nu. (2)e�3In Ď Sn`1 ���(Ø¤á, K¡τ ǑÊ�.=, @~i P Sn`1, (1) �(2) ��¤á, Kτ ǑÊ�. (·K1.4.7)

τ ǑÊ�iff tτ ď nu P σpX0, ¨ ¨ ¨ ,Xnq “: Fn, @n. (½Â1.4.6)

τi, τD :“ inf
iPD

τi; σi, σD :“ inf
iPD

σi Ñ´Ê�.

εi “ suptn ě 0 : Xn “ iu Ø´Ê�.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

3tτ ă 8u þ, -
~Y “ pY0, Y1, Y2, . . .q :“pXτ ,Xτ`1,Xτ`2, . . .q,

~Z :“pX0, . . . ,Xτ q.rê¼5(·K1.4.10).b�τ ´Ê�. �o, 3tτ ă 8,Xτ “ iu u)�^�e,

(1) tYnu ´li Ñu�ê¼ó, (2) tYnu �~Z �pÕá.©�;�:
 

 5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~. ��{ü�ÅiÄ(SRW) tSnu.�½i, j ě 1, P
τ :“ τi ^ τ´j.

 

 ±�¬y²:

P pτ ă 8q “ 1, P pSτ “ iq “ j

i ` j
“: p.

tYn :“ Sτ`nu Ǒ´SRW, �©ÙǑµi “ p, µ´j “ 1 ´ p “: q.éu;�8A,

P p~Y P Aq “pP p~Y P A|Sτ “ iq ` qP p~Y P A|Sτ “ ´jq

“pPipAq ` qP´jpAq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§1.5 ~�5�½i. ;�ã:
 

n 

S -Vi “ ř8
n“0

1tXn“iu.½Â (½Â1.5.3))ePipVi “ 8q “ 1, K¡i ´~��(recurrent).ePipVi “ 8q “ 0, K¡i ´�~��(transient).

0-1Æ! �d5! �O{ .5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

1. £��m
 

n 

S 

      

     �½i. -T0 :“ 0. @r ě 1,eTr´1 ă 8, K
Tr :“ inftn ě Tr´1 ` 1 : Xn “ iu, σr :“ Tr ´ Tr´1;eTr´1 “ 8, KTr :“ 8, σr :“ 8.~�ô PipTr ă 8,@rq “ 1.'�þ: σ “ σ1 :“ inftn ě 1 : Xn “ iu.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

 

n 

S 

      

     �½n, P~i :“ pi0, i1, . . . , inq, -
Jn :“

!

~i P Sn`1 : i0 “ in “ i, � ir ‰ i, r “ 1, ¨ ¨ ¨ , n ´ 1
)

.3tσ ă 8u þ, ~Z ´lÑ., ��uŤ8
n“1

Jn.

P p~Z “~iq “ pi0i1 ¨ ¨ ¨ pin´1in , @~i P Jn.

P p~Z P Jnq “ Pipσ “ nq, P p~Z P Jq “ Pipσ ă 8q.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

 

n 

S 

      

     ·K1.5.1. @r ě 1; m1, . . . ,mr ě 1,

Pipσ1 “ m1, σ2 “ m2, ¨ ¨ ¨ , σr “ mrq “
r

ź

s“1

Pipσ “ msq.y: -ns “ řs
t“1

mt; ~Xs “ pXns´1 , ¨ ¨ ¨ ,Xnsq. K
LHS “

ÿ

~i1PJm1 ,¨¨¨ ,
~irPJmr

Pi

´

~X1 “~i1, ¨ ¨ ¨ , ~Xr “~ir

¯

“
r

ź

s“1

ÿ

~isPJms

Pi

´

~Xs “~is

¯

“ RHS.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

2. £�gê
 

n 

S 

      

     Pρi “ Pipσ ă 8q “ ř8
m“1

Pipσ “ mq.
PipVi ě r ` 1q “ PipTr ă 8q “ ρri (íØ1.5.2).

PipTr ă 8q “Pipσ1 ă 8, ¨ ¨ ¨ , σr ă 8q “ ρri .

0-1Æ :eρi “ 1, KPipVi “ 8q “ 1 (~�), EiVi “ 8.eρi ă 1, KPipVi ă 8q “ 1 (�~�), EiVi ă 8.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

 

n 

S 
     

      b�i ~�, X0 “ i. -
~Zr “ pXTr´1, ¨ ¨ ¨ ,XTr q.·K1.5.4. ~Z1, ~Z2, ¨ ¨ ¨ ÕáÓ©Ù, �~Zr �©Ù�Xe:

P p~Z “~iq “ pi0i1 ¨ ¨ ¨ pin´1in , @n ě 1, ~i “ pi0, ¨ ¨ ¨ , inq P Jn.y: @r ě 2, @~i1, ¨ ¨ ¨ ,~ir P Ť8
n“1

Jn,�Ät~Z1 “~i1, ~Z2 “~i2, ¨ ¨ ¨ , ~Zr “~iru. drê¼5,

P pB|Cq “ P pB|A,Cq “ Pip~Z1 “~i2, . . . , ~Zr´1 “~irq.Ù¥, A “ tσ “ |~i1|,Xσ “ iu.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

i ~���d^�:

i ~�ô ρii “ 1 ô EiVi “ 8.

 

n 

S 

…… di.i.d. i1(excursion)©�.

i �~�ô ρii ă 1 ô EiVi ă 8.

 

n 

S 

�O{: (1)½Â!(2)áÂVÇ!(3)��¼ê.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

3. ~�´pÏa�5�·K1.5.5. �i ~��i Ñ j. K, ¨ ¨ ¨ ¨ ¨ ¨�X0 “ i, K~Z1, ~Z2, . . . i.i.d..
 j 

i 

Pipσj ă 8q “ PipVj “ 8q “ 1:

PipDr ��j P ~Zrq “ Pipσj ă 8q ą 0 ñ Pipj P ~Z1q ą 0.

PjpVi “ 8q “ 1: ?�Ú, 2drê¼5,

PjpVi “ 8q “ PipVi “ 8, σj ă 8q “ PipVi “ 8q “ 1

PjpVj “ 8q “ 1, �d5 :

PjpVj “ 8q “ Pjpσi ă 8, Vj “ 8q “ PjpVj “ 8q “ 1.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

4. áÂVÇ�ÄÚ©Û{áÂ�: pii “ 1 (½Â1.5.6).áÂVÇ: �½o P S, -
xi “ Pipτo ă 8q, @i P S.��/, �½D Ď S, -
xi “ PipτD ă 8q, @i P S.

xi, i P S ´e��§|����K),

#

xi “ ř

jPS pijxj , @ i R D,

xi “ 1, @ i P D.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

·K1.5.7. ex̃i, i P S Ǒ´�§|��K), Kx̃i ě xi, @i.

x̃i “
ÿ

jPD

pijx̃j `
ÿ

jRD

pij x̃j pi R Dq

“PipτD “ 1q `
ÿ

jRD

pij
`

ÿ

kPD

pjkx̃k `
ÿ

kRD

pjkx̃k
˘

“PipτD “ 1q ` PipτD “ 2q `
ÿ

i1,i2RD

pii1pi1i2x̃i2

“ ¨ ¨ ¨ ě PipτD ď rq Ñ xi.

ρo “ Popσo ă 8q “ ř

iPS poiPipτo ă 8q.�O{ : b�Ø��. -xi “ Pipτo ă 8q, i P S.~� iff xi “ 1, @i P S.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

5. ��¼ê
Vi “ ř8

n“0
1tXn“iu.��¼ê:

Gij :“ EiVj “ Ei

8
ÿ

n“0

1tXn“ju “
8
ÿ

n“0

p
pnq
ij .~� iff Gii “ 8.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~1.5.11. Zd þ�{ü�ÅiÄ.

d “ 1. p
p2n`1q
00

“ 0,

p
p2nq
00

“ Cn
2n

1

22n
“ p2nq!

n!n!
¨ 1

22n
« p2n

e
q2n

?
2π2n

pne q2n2πn ¨ 1

22n
“ 1?

πn
.

Gii “ ř8
n“0

p
p2nq
00

“ 8. ~�.

d “ 2.

p
p2nq
00

“
ÿ

n1`n2“n

p2nq!
pn1!q2pn2!q2

1

42n

“Cn
2n

1

22n

n
ÿ

m“0

Cm
n Cn´m

n

1

22n
“ pCn

2n

1

22n
q2 « 1

πn
.

Gii “ ř8
n“0

p
p2nq
00

“ 8. ~�.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~1.5.11. Zd þ�{ü�ÅiÄ(Y).

d ě 3. p
p2nq
00

“ ř

n1`...`nd“n
p2nq!

pn1!q2...pnd!q2
ˆ 1

p2dq2n .

P pξ1 “ 2n1, . . . , ξd “ 2ndq “ p2nq!
p2n1q!...p2ndq!

1

d2n
.

P pBiq “ Cni

2ni

1

22ni
, i “ 1, ¨ ¨ ¨ , d.

p
p2nq
00

“ ř

n1`...`nd“n P pAqP pB1q . . . P pBdq.

SLLN ñ n1, . . . , nd « n
d . äN/,

~n P I : |ni ´ n
d | ď εn, i “ 1, ¨ ¨ ¨ , d; J “ Z

d
`zI.e~n P I, K

P pBiq « 1?
πni

« 1
a

πn{d
.

ř

J P pAq ˆ 1 ď d ¨ P p|ξ1 ´ n
d

| ą εnq ď e´C̄n.

p
p2nq
00

ď ř

I Ĉ
d{?

n
d ` ř

J P pAq ď Cn´d{2, n " 1. �~�.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~. «�D ¥���¼ê. �½D Ď S, -τ “ τDc ,

G
pDq
ij “ Ei

τ´1
ÿ

n“0

1tXn“ju, i, j P D.�½j. xi “ G
pDq
ij , i P D ´e��§|����K),

$

’

’

&

’

’

%

xi “ ř

k pikxk, @ i P D, i ‰ j,

xj “ 1 ` ř

k pjkxk,

xi “ 0, @ i R D.A~. ��{ü�ÅiÄ. D “ p0, Nq.

δL “ 1

jxj; δR “ 1

N´jxj .

0 “ ´1 ` δL{2 ` δR{2.
0  

 

 

  
G

pNq
ij “ G

pNq
ji “ 2

N pi ^ jqpN ´ i _ jq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~. «�D ¥���¼ê(Y). i, j P D.

G
pDq
ij “ Ei

řτ´1

n“0
1tXn“ju ‰ řτ´1

n“0
PipXn “ jq.

G
pDq
ij “ Ei

ř8
n“0

1tXn“j,τąnu “ ř8
n“0

PipXn “ j, τ ą nq.-In :“ t~i “ pi0, . . . , inq P Sn`1 : i0, . . . , in P Du.

‹‹ “
ÿ

~iPIn:i0“i,in“j

pi0i1pi1i2 ¨ ¨ ¨ pin´1in .

GpDq “
ř8

n“0
P̂n “ pI ´ P̂q´1. Ù¥P̂ “ P|DˆD.ek�¡ÿÝπ, KπiG

pDq
ij “ πjG

pDq
ji .5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

Gii “ ř8
n“0

p
pnq
ii .

PipXn “ iq “
n

ÿ

m“1

Pipσi “ mqPipXn´m “ iq, n ě 1.-Giipsq “ ř8
n“0

p
pnq
ii sn. �o,

Giipsq ´ 1 “
8
ÿ

n“1

n
ÿ

m“1

Pipσi “ mqsmp
pn´mq
ii sn´m

“
8
ÿ

m“1

Pipσi “ mqsm
8
ÿ

ℓ“0

p
pℓq
ii s

ℓ “ FiipsqGiipsq.~1.1.9. pm “ P pL “ mq, an “ P0pYn “ 0q. �#�§:

an “
n

ÿ

m“1

pman´m.

 

     5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§1.6 ��¡ê¼ó�~�5��¡ê¼ó ô \�ã(þ��ÅiÄ) ô >�ä:

G “ pV,Eq: V “ S, i
e„ j ô pij ą 0.>{!�:

rij “ rji “ 1

wij
“ 1

πipij
, i „ j.�½o P S. áÂVÇ{: xi “ Pipτo ă 8q ÷v:

xo “ 1; xi “ ř

jPS pijxj, @ i ‰ o.
ř

j πipijpxj ´ xiq
:::::::::::

“ 0.3o �>³Ǒ1 �>: >³Vi ÷v:

Vo “ 1;
ř

jPS
1

rij
pVj ´ Viq “ 0, @ i ‰ o.·K1.6.2. ~�ô R “ Rp0,8q “ 8.

R “ I2R “ inft
ř

e f
2
e re : f ´lo Ñu�ü 6u.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~1.6.5. )«ó.
 

  

 

 

 ��¡. ¿�
ri,i`1

ri,i´1

“ wi,i´1

wi,i`1

“ di

bi

ñri,i`1 “ di

bi
ri´1,i “ ¨ ¨ ¨ “ di

bi
¨ ¨ ¨ d1

b1
r0,1.Gé. Ïd, ~�iff

ř

i
d1
b1

¨ ¨ ¨ di
bi

“ 8.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

íØ1.6.4. G1 Ď G2. eG2 ~�, KG1 ~�.~: ®�Z
2 ~�.·¶ã~�  

nÆã~�
 

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~1.6.9. Zd �~�.

d “ 3 �, éü 6f , ��ř

e f
2
e re ă 8. K�~�.

Polya �f: pXn, Yn, Znq, X0 “ Y0 “ Z0 “ 1. ~X:

~i “ pi, j, kq, ~j “ pi ` 1, j, kq, p~i,~j “ i

i ` j ` k

pXn, Yn, Znq„ UpSnq,

Sn “ t~i “ pi, j, kq : i, j, k ě 1 �i ` j ` k “ 3 ` nu.VÇ=£6: f~i,~j “ π~i ¨ p~i,~j.
ř

e f
2
e re ă 8:

ÿ

~iPSn

1

|Sn|2 ¨ i
2 ` j2 ` k2

pi ` j ` kq2 ď 1

|Sn| “ O

ˆ

1

n2

˙

.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§1.7 H{½n��~�
1. ªÇ�4�½n (½n1.7.1)b�P Ø��. KP

˜

lim
nÑ8

1

n

n´1
ÿ

m“0

1tXm“iu “ 1

Eiσi

¸

“ 1.

 

n 

S 

      

     b��~�. �o, �mÑǑ0.b�~�. b�X0 “ i, ^�#½n=�.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

b�X0 “ j: Pjpτi ă 8q “ 1.

 

 

   

 

  

  

 

 

 

ω “ pω̃, ω̂q. n “ m ` τipω̃q, Vipn, ωq “ Vipm, ω̂q.
n Ñ 8 iff m Ñ 8:

1

n
Vipn, ωq “ m

n
ˆ 1

m
Vipm, ω̂q Ñ 1

Eiσi
.b�X0 „ µ:

P

ˆ

lim
nÑ8

1

n
Vipnq “ 1

Eiσi

˙

“
ÿ

j

µjPjpAq “ 1.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

·K (·K1.7.2, ªÇÑ VÇ)b�P Ø��, π ǑØC©Ù. K
πi “ 1

Eiσi
ą 0, @i P S.

πi ą 0: πi “
ř

j πjp
pnq
ji ě πop

pnq
oi ą 0.dH{½n,

Pπ

ˆ

lim
nÑ8

1

n
Vipnq “ 1

Eiσi

˙

“ 1.2dk.Âñ½n,

lim
nÑ8

Eπ
1

n
Vipnq “ 1

Eiσi
.

π ´ØC©Ù:

Eπ
1

n
Vipnq “ Eπ

1

n

n´1
ÿ

m“0

1tXm“iu “ 1

n

n´1
ÿ

m“0

PπpXm “ iq “ πi.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

2. �~��ØC©Ù2wªÇ: �½o. Pσ “ σo.

 

 

 

iÑy�ªÇ « V
p1q
i ` . . . ` V

prq
i

σ1 ` . . . ` σr
« EoV

p1q
i

Eoσ
9 EoV

p1q
i .

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

·K (·K1.7.4 & 1.7.20)b�Ø��!~�. �½o, -µi “ Eo

řσo´1

n“0
::::::::

1tXn“iu. �o, µ´��pcq÷vµo “ 1 �ØCpaqÿÝpbq.y², (a) ØC5, =, �yř

jµjpji “ µi. (Pσ “ σo.)

µj “ Eo

ř8
n“0

1tnăσ,Xn“ju “ ř8
n“0

Popn ă σ,
::::::::::::::

Xn “ jq.u´,
ř

jµjpji “ ř

j

ř8
n“0

Popn ă σ,Xn “ jq
ˆP pXn`1 “ i|Xn “ j, n ă σq

“ ř8
n“0

ř

jPopn ă σ,Xn “ j,Xn`1 “ iq
“ ř8

n“0
Popn ă σ

::::::::::::::

,Xn`1 “ iq.

“ Eo

řσ´1

n“0
::::::::

1tXn`1“iu “ Eo

řσ
n“1

1tXn“iu

p˚q“ Eo

řσ´1

n“0
1tXn“iu “ µi.

 

 

 

 

 5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

y²(Y), (b) Ñ. (c) ��5: b�λP “ λ �λo “ 1.�{�!-p̂ij “ µjpji
µi

. Kp̂
pnq
ij “ µjp

pnq
ji

µi
.

p̂
pnq
ii “ p

pnq
ii , ¤±tX̂nu Ǒ~�.-fpiq “ λi

µi
, @i. K

pP̂fqpiq “
ÿ

j

p̂ijfpjq “
ÿ

j

µjpji

µi
¨ λj

µj
“

ÿ

j

λjpji

µi
“ fpiq.

Mn “ fpX̂nq, n ě 0 ´�:

EpMn`1|X̂n “ i, X̂0 “ i0, . . . , X̂n´1 “ in´1q

“
ÿ

j

p̂ijfpjq “ pP̂fqpiq “ fpiq “ Mn.½n: �K�a.s.Âñ. Ïd, fpX̂nq a.s.Âñ.

tX̂nu ~�ñ f ” fpoq “ 1.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

½Â (½Â1.7.3))eEiσi ă 8, K¡i ´�~��.ePipσi ă 8q “ 1 �Eiσi “ 8, K¡i ´"~��.½n (½n1.7.5)b�Ø��. Ke¡A^�d: (1) ¤kG��~�, (2) �3�~��, (3) �3ØC©Ù. d�, πi “ 1

Eiσi
, @i P S.íØ1.7.7. b�S k�!Ø��. �o, ØC©Ù�3.

1 “ ř

i
1

n

řn´1

m“0
1tXm“iu Ñ ř

i
1

Eiσi
.íØ1.7.21. D ØU8�z�ØCÿÝ, KØC©ÙØ�3.ªÇ:

iÑy�ªÇ « V
p1q
i ` . . . ` V

prq
i

σ1 ` . . . ` σr
« EoV

p1q
i

Eoσ
“ 1

Eiσi
“ πi.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~1.7.17. �Ø��!�~�. -σ :“ inftn ě m : Xn “ iu. y²:

Ei

σ´1
ÿ

n“0

1tXn“ju “ πjEiσ.�{�!�ì·K1.7.5., y²µ̃i, i P S ´ØCÿÝ.

µ̃i “ cπi ñ c “
ÿ

i

µ̃i “ Eiσ.�{�!-S0 “ 0, Sr “ inftn ě m ` Sr´1 : Xn “ iu, K
 

S 

      ªÇ “
Ṽ

p1q
j ` ¨ ¨ ¨ ` Ṽ

prq
j

σ1 ` ¨ ¨ ¨ ` σr
Ñ ‹‹

Eiσ
.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~1.7.15. T d þλ-biased �ÅiÄ:
  

 

 é¡5ñ πi “ c|i|.

dncn ˆ λ
λ`d

“ dn´1cn´1 ˆ d
λ`d

,

cn “ 1

λ
cn´1 “ ¨ ¨ ¨ 1

λn
c0.1n ��o�:

ÿ

|i| “ nπi “
ˆ

d

λ

˙n

c0.�~�ô λ ą d."~�ô λ “ d, �~�ô λ ă d.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

3. H{½n(b�Ø��!�~�).ªÇÑ VÇ:

1

n

n´1
ÿ

m“0

1tXm“iu
a.s.ÝÑ πi “ 1

Eiσi
“ EoV

p1q
i

Eoσo
.2dk.Âñ½n:

1

n

n´1
ÿ

m“0

P pXm “ iq Ñ πi.Ún1.7.8: XJνpnq, n ě 1 Ñ´©Ù�, ν
pnq
i Ñ πi, @i. �o,

ř

i |νpnq
i ´ πi| Ñ 0.·K1.7.9.

ÿ

iPS

ˇ

ˇ

ˇ

ˇ

ˇ

1

n

n´1
ÿ

m“0

p
pmq
ji ´ πi

ˇ

ˇ

ˇ

ˇ

ˇ

Ñ 0,
ÿ

iPS

ˇ

ˇ

ˇ

ˇ

Vipnq
n

´ πi

ˇ

ˇ

ˇ

ˇ

a.s.Ñ 0.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

½n (H{½n, ½n1.7.11)b�Ø��!�~�. eř

i πi|fpiq| ă 8, K
1

n

n´1
ÿ

m“0

fpXmq a.s.ÝÑ
ÿ

i

πifpiq.Ø��X0 “ o. �½ o. ξr “
řTr´1

n“Tr´1
fpXnq, r ě 1 i.i.d..

 

n 

S 

      

Tr ă n ď Tr`1:

‹‹ “ ξ1 ` ¨ ¨ ¨ ` ξr `
n´1
ÿ

m“Tr

fpXmq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

 

n 

S 

      

ξ “ ř

i fpiqV p1q
i , η “ ř

i |fpiq|V p1q
i .

|ξ| ď η, max
0ďmďσ´1

ˇ

ˇ

ˇ

ˇ

ˇ

m
ÿ

n“0

fpXnq
ˇ

ˇ

ˇ

ˇ

ˇ

ď η.Ï"�3:

Eη “
ÿ

i

|fpiq|EoV
p1q
i

::::::

“
ÿ

i

|fpiq|πiEoσ
:::::

ă 8,

1

n
pξ1 ` ¨ ¨ ¨ ` ξr ` ηrq a.s.ÝÑ ř

i fpiqπi:
ξ1 ` ¨ ¨ ¨ ` ξr

r

a.s.ÝÑ Eξ “
ÿ

i

fpiqπiEoσ,
ηr

r

a.s.ÝÑ 0,
r

n
Ñ 1

Eoσ
.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

Ö¿: H{.�ÿC�: θ : pΩ,F , P q Ðâ, P pθ´1pDqq “ P pDq.~: ²ê¼ó, θ : ω “ pω0, ω1, ω2, . . .q ÞÑ pω1, ω2, . . .q.
tpX1, X2, . . .q P Du w.p.“ tpX0, X1, . . .q P Du “ D.H{: eD P F ÷vD Ď θp´1qD, KP pDq “ 0 ½1.~: ~X P D ñ θ ~X “ pX1, X2, . . .q P D.�~: S “ S1 Y S2, µ “ 1

2
π ` 1

2
ν, D “ tXn P S1,@nu.H{ñ eP pDq ą 0, KP pŤ8

n“0
θp´nqDq “ 1.H{½n: H{, ξ : pΩ,Fq Ñ pR,Bq, E|ξ| ă 8. K

1

n

řn´1

m“0
ξ
`

θpmqpωq
˘ a.s.Ñ Eξ.~: Ø��!�~�. -ξpωq “ fpX0q, K‹‹ “ fpXmq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~1.7.16. b�P Ø��!�~�. K
lim
nÑ8

1

n

n´1
ÿ

m“0

1tXm“i,Xm`1“ju
a.s.ÝÑ πipij.�{�!tYn “ pXn,Xn`1qu ´ê¼ó,=£VÇ: ppi,jqpj,kq “ pjk, ØC©Ù: µpi,jq “ πipij. �,

1

n

n´1
ÿ

m“0

1tXm“i,Xm`1“ju “ 1

n

n´1
ÿ

m“0

1tYm“pi,jqu
a.s.ÝÑ µpi,jq “ πipij.�{�: b�n ��¤r gi1,

r

n
ˆ 1

r

r´1
ÿ

s“0

1tXTs`1“ju
a.s.ÝÑ πipij .5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§1.8 rH{½nb�: Ø��!�~�.

limnÑ8
1

n

řn´1

m“0
P pXm “ iq “ πi.

P pXn “ iq « πi, @i? (n " 1)�~: ~1.6.1. Ehrenfest�.. S “ t0, 1, . . . , Nu.
πi “ Ci

N2´N , @i.�X0 “ 0. P pX2n “ 1q “ 0, @n.

 

N i 

1 – i / N 

i / N 

1 

1 

0 F": p
pnq
ij ą 0, @n " 1.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 
½Â1.8.3: eDni ��p

pnq
ii ą 0, @n ě ni, K¡i Ǒ�±Ï�.�d5: XJi Ø j �i �±Ï, Kj Ǒ�±Ï.y: �3r, s ��p

prq
ij , p

psq
ji ą 0, u´

p
pr`s`nq
jj ě p

psq
ji p

pnq
ii p

prq
ij ą 0, @n ě ni.íØ1.8.4. eØ��!�±Ï, K@i, j, Dnij ��

p
pnq
ij ą 0, @n ě nij.b�Ø��. e�3i ��pii ą 0, K�±Ï.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

½n (½n1.8.5. rH{½n)b�Ø��!�~�!�±Ï, ØC©ÙǑπ. �o, @µ,
limnÑ8

ř

i |PµpXn “ iq ´ πi| “ 0.y²�{: ÍÜ(coupling).

tZn “ pWn, Ynqu: G��m!=£VÇ!�©Ù:

S̃ “ S ˆ S, rpi,jqpk,ℓq “ pikpjℓ.

Step 1 „ 3. tZnu Ø��!�±Ï!(�)~�:

r
pnq
pi,jqpk,ℓq “ p

pnq
ik p

pnq
jℓ ą 0, @n ě nik _ njℓ;

π̃ “ π ˆ π, i.e. π̃i,j “ πiπj, @pi, jq P S̃.

Step 4. P pτ ă 8q “ 1:

τ “ inftn ě 0 : Wn “ Ynu “ τD.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

Step 5. P pWn “ j, τ ď nq “ P pYn “ j, τ ď nq:
@0 ď m ď n, i P S:

P pWn “ j, τ “ m,Zm “ pi, iqq

“P p˚, ˚qPpi,iqpWn “ jq “ P p˚, ˚qPpi,iqpYn “ jq
“P pYn “ j, τ “ m,Zm “ pi, iqq.

Step 6. PipXn “ jq ´ πj “ PµˆπpWn “ jq ´ PµˆπpYn “ jq:

|‹| “|P pWn “ j, τ ą nq ´ P pYn “ j, τ ą nq|
ď2P pτ ą nq Ñ 0.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~1.8.6. Wright-Fisher�.. N �<, L�: /10½/00z<zUÕá?À�<¿�Å��½UC. Xn “ 1n UL�1�<ê.�: EXn “ řN
j“0

jP pXn “ jq 3n Ñ 8 ��4�.

 

 

1 0 

  

 eXn “ i, KXn`1 „ BpN, ρiq,Ù¥, ρi “ p1 ´ uq i
N ` vN´i

N .Ø��!�~�!�±Ï, EXn Ñ řN
j“0

jπj .

A “
ř

j j
ř

i πipij “
ř

i πi
ř

j jpij
::::::

“
ř

i πiNρi
:::

“
ř

i πirp1 ´ uqi ` vpN ´ iqs “ p1 ´ u ´ vqA ` vN .

A “ v
u`v

N .

u “ v “ 1

2
. ρi “ 1

2
. X1,X2, . . . i.i.d., π “ BpN, 1{2q.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 ·K (·K1.8.9)eØ��!"~�!�±Ï, Kp
pnq
ij Ñ 0, @i, j.

Claim 1. @ε ą 0, DM ��@n, 3
p

pnq
ij , p

pn`1q
ij , . . . , p

pn`Mq
ij¥�3,�p

pn`mq
ij ��p

pn`mq
ij ă ε.

Claim 2. �n " 1 �, |ppnq
ij ´ p

pn`mq
ij | ă ε, @1 ď m ď M .

Claims ñ p
pnq
ij ă 2ε, n " 1.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

y²Claim 1. DM ��mintppnq
ij , p

pn`1q
ij , . . . , p

pn`Mq
ij u ă ε, @n.

Eiσi “ Pipσi ě 1q `Pipσi ě 2q ` . . . “ ř8
ℓ“0

Pipσi ą ℓq “ 8.�M ��řM
ℓ“0

Pipσi ą ℓq ą 1

ε .

tXn`M “ ju: p
pn`Mq
ij Pjpσj ą 0q

tXn`M´1 “ j,Xn`M ‰ ju: p
pn`M´1q
ij Pjpσj ą 1q

tXn`M´2 “ j,Xn`M´1,Xn`M ‰ ju: ppn`M´2q
ij Pjpσj ą 2q

. . .

tXn “ j,Xn`1, . . . ,Xn`M ‰ ju: p
pnq
ij Pjpσj ą Mq

tXn, . . . Xn`M ‰ ju�y{: e˚ ě ε, Kř

RHS ě ε ˆ ˚ ą 1, gñ!5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

y², Claim 2. �n " 1 �, |ppnq
ij ´ p

pn`mq
ij | ă ε, @1 ď m ď M .

tZn “ pWn, Ynqu Ø��.�/I. tZnu �~�. K
p

pnq
ij p

pnq
ij “ p̃

pnq
pi,iqpj,jq Ñ 0.�/II. tZnu ~�. �µj “ 1tj‰iu, j P S;

|˚| “|PµˆµPmpWn “ jq ´ PµˆµPmpYn “ jq|
ď2PµˆµPmpτ ą nq Ñ 0.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 o(: b�Ø��!�±Ï.�~�: p
pnq
ij Ñ πj ."~�½�~�: p

pnq
ij Ñ 0.

PµpXn “ jq Ñ ‹.
ÿ

iPD

µip
pnq
ij `

ÿ

iRD

µip
pnq
ij «

ÿ

iPD

µi‹ ` ε «
ÿ

i

µi‹ ` 2ε.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

½n (½n1.8.2)b�Ø��. �o, �3�����êd ±9S ���©�D0,D1, . . . ,Dd´1 (é?Ûn Ö¿½ÂDnd`r :“ Dr), ��:

@ r ě 0, i P Dr, s ě 0,

ř

jPDr`s
p

psq
ij “ 1;

 

 

 

 

 

 

 

 

@ r ě 0, i, j P Dr, D N ě 0 ��
p

pndq
ij ą 0, @n ě N .½n¥�d �¡Ǒ“±Ï”. �±Ï�d “ 1.

d ą 1 �: P̂ “ Pd 3z�Dr þØ��!�±Ï.

P �("!�)~�iff P̂ �("!�)~�.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

o(: b�Ø��.�~�!�±Ï:

p
pnq
ij Ñ πj .�~�!±Ï:

p
pnd`sq
ij Ñ dπj

p
pmq
ij Ñ 0, m ‰ nd ` s, i P Dr, j P Dr`s."~�:

p
pnq
ij Ñ 0, � ÿ

n

p
pnq
ij “ 8.�~�:

p
pnq
ij Ñ 0, � ÿ

n

p
pnq
ij ă 8.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§1.1 SK5. Ý¥¤õ�VÇ�ûu
::::::::::::::::::

üg�Ý¥¤1.�¤õVÇ!¤õ(ª)Ç�ìC�.
 

1/2 
1/2 

00 01 

1/4 
3/4 

10 11 

1/3 

2/3 

1/3 

2/3 

¤õVÇ: pn “ P pξn “ 1q
“ P pXn “ 10q ` P pXn “ 11q.rH{: limn pn “ π10 ` π11.

1

2
π00 “ 1

3
π10,

2

3
π01 “ 1

4
π11,

π10 “ π01.)�π “ p1
8
, 3

16
, 3

16
, 1
2
q.H{½n: ¤õªÇ“ 1

n

řn´1

m“0
1tξm“1u

“ 1

n

řn´1

m“0
p1tXn“10u ` 1tXn“01uq Ñ π10 ` π11.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 ê¼ó�Akâ�{(Markov chain Monte Carlo, MCMC).8I: �[X „ π.g�: �E±π ǑØC©Ù�ê¼ó=£Ý
P.Ñ\��i0, S��)i1, . . . , in.ÑÑ X “ in (rH{½n).?nd ‰ 1: �ÄP̂ “ εI ` p1 ´ εqP.

πI “ π ñ π ǑP̂ �ØC©Ù.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

~:(LawlerÖ§7.3) -M “ tM “ pmijqNˆN : mij “ 0 ½1u,

M “ tM P M :emij “ 1 Kmi˘1,j “ mi,j˘1 “ 0u.�[ÑlM þ�þ!©Ù�“�ÅCþ”.

|M| “ 2N
2
, |M| « βN2

.Ñ\: M “ 0.S�: ?�pi, jq, UCmij ��M̂.eM̂ P M K^M̂ �OM.S�n g�ÑÑ: M.

M „ M̂: =����ØÓ. d�, p
MM̂

“ 1

N2 .

p
MM

“ 1 ´ 1

N2 ˆ M��Øê.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§1.9 Âñ�Ý�C�ål: dTV pµ, νq “ }µ ´ ν} :“ 1

2

ř

i |µi ´ νi|.
 

“ µpAq ´ νpAq “ νpAq ´ µpAq “ supAĎS |µpAq ´ νpAq|.

“ inf
X„µ,Y „ν

P pX ‰ Y q “ inf
‹‹

E1tX‰Y u.

dϕpµ, νq :“ inf
‹‹

EϕpX,Y q “ sup
|fpxq´fpyq|ďϕpx,yq

pEµf ´ Eνfq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 
}µP ´ νP} ď }µ ´ ν}.
LHS “ 1

2

ř

j |ři µipij ´ ř

i νipij|
“ 1

2

ř

j

ř

i |µi ´ νi|pij “ RHS.éX0 „ µ, Y0 „ ν ��RHS “ P pX0 ‰ Y0q. �
rpi,iqpk,kq “ pik; rpi,jqpk,ℓq “ pikpjℓ, @i ‰ j.KLHS ď P pX1 ‰ Y1q ď P pX0 ‰ Y0q.

}µPn ´ π} ď Ce´βn, @n ě 0.~: P “ PT , & ¨ ¨ ¨ ¨ ¨ ¨ , µ “ π
À

πK,

µPn “ π
À

λnπK, |λ| ă 1.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§1.10 ��{ü�ÅiÄ(SRW)

1. Ä��.

Sn “ ξ1 ` ¨ ¨ ¨ ` ξn, P pξ “ 1q “ P pξ “ ´1q “ 1

2
.·K (·K1.10.1, ���n)

P0pτi ă n, Sn “ i ` jq “ P0pτi ă n, Sn “ i ´ jq.n Ú;�: tτi ă n, Sn “ i ` ju Ø tτi ă n, Sn “ i ´ ju.

 
 

 

 

 

 

 

 

 

 

 

 

 

  

tXnu E,´SRW.

Xn “
#

Sn, en ď τi;

2i ´ Sn, en ą τi5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

·K (·K1.11.1)

P0pτi “ nq “ i
nP0pSn “ iq, @i ě 1.

τi “ n ��=�Sn “ i, S1, . . . , Sn´1 ‰ i.

tSn “ iu ´ tτi “ nu “ tτi ă n, Sn “ iu.

P pAq “ 2P pSn´1 “ i ` 1, Sn “ iq.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

P pτi “ nq “ P pSn “ iq ´ P pSn´1 “ i ` 1q,

‹‹ “ C
pn`iq{2
n´1

1

2n´1
“ n ´ i

n
P pSn “ iq.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

Ballot½n: b�ξ ď 1, �oP pτi “ nq “ i
nP pSn “ iq, @i ě 1.

n Ú;�: ω, θω, θ2ω, θ3ω; θ4ω, θ5ω, θ6ω, θ7ω.

 

P pτi“nq
P pSn“iq “ nP pτi“nq

npp1`¨¨¨`pN q “ ip1`¨¨¨ipN
npp1`¨¨¨`pN q “ i

n ,

p1 : ω1 θω1 θ2ω1 θ3ω1 θ4ω1 θ5ω1 θ6ω1 θ7ω1

p2 : ω2 θω2 θ2ω2 θ3ω2 θ4ω2 θ5ω2 θ6ω2 θ7ω2

...
...

...
...

...
...

...

pN : ωN θωN θ2ωN θ3ωN θ4ωN θ5ωN θ6ωN θ7ωN5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

íØ1.10.3. P pτ1 ą 2n ´ 1q “ P pS2n “ 0q

P pτ1 ď 2nq “ P pS2n ě 2q ` P pS2n ď 0q “ P p|S2n| ě 2q.íØ1.10.3. P0pτ1 ă 8q “ 1, E0τ1 “ 8. ("~�).·K1.10.6. τi “ τ
p1q
1

` . . . ` τ
piq
1

.

 

 

 

 

 

 

 

 

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

·K (·K1.10.7. ��uÆ)

limnÑ8 P0pSr ‰ 0,@ δn ă r ď nq “ 2

π arcsin
?
δ.-m “ rδns. K‹ “ ř

i P pSm “ iqPipτ0 ą n ´ mq.

1 ´ ‹ “ ř

i P pSm “ iqP0pτi ď n ´ mq.��tSnu Õá�SRW tTnu:

P0pτi ď n ´ mq “ P pTn´m “ iq ` P p|Tn´m| ą |i|q.

1 ´ ‹ « ř

i P pSm “ iqP p|Tn´m| ą |i|q “ P p|Tn´m| ą |Sm|q.
‹ “ P p|Tn´m| ď |Sm|q Ñ 2

π
arcsin

?
δ:

P

ˆ?
n ´ m ¨ | Tn´m?

n ´ m
| ď

?
m ¨ | Sm?

m
|
˙

« P

˜

ˇ

ˇ

ˇ

ˇ

W

Z

ˇ

ˇ

ˇ

ˇ

ď
?
δ?

1 ´ δ

¸

.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

3. Wald�ª.

τ :“ τ´i ^ τj .
 

 

 

  

  
  

P0pSτ “ jq “ PipτN ă τ0q “ i
i`j

.

E0Sτ “ 0:

E0Sτ “ j ¨ P0pSτ “ jq ` p´iq ¨ P0pSτ “ ´iq “ 0.

E0τ “ ES2
τ :

ES2
τ “ j2 ¨ i

i`j ` i2 ¨ j
i`j “ i ¨ j,

E0τ “ Eipτo ^ τN q “ řN
j“1

EiVj “ i ¨ j.�:: ESn “ 0, ES2
n “ n, E0τ

k ă 8 (Ún1.10.9).5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

Sn “ ξ1 ` ¨ ¨ ¨ ` ξn.½n (Wald �ª, ½n1.10.10)b�τ ´tSnu Ê�, E|ξ|, Eτ ă 8, �oESτ “ Eξ ¨ Eτ .

Sτ “ řτ
n“1

ξn “ ř8
n“1

ξn1tτěnu.

tτ ď n ´ 1u P σpS1, ¨ ¨ ¨ , Sn´1q “ σpξ1, . . . , ξn´1q.

|Sτ | ď ř8
n“1

|ξn|1tτěnu,

E|Sτ | “
8
ÿ

n“1

E|ξn|P0pτ ě nq “ E0τ ¨ E|ξ| ă 8.Ïd,

ESτ “
8
ÿ

n“1

Epξn1tτěnuq “ Eξ ¨ Eτ.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 
½n (Wald 1��ª, ½n1.10.10)b�τ ´tSnu Ê�, Eτ ă 8, Eξ “ 0, Eξ2 ă 8, �3M ��|Sn| ď M , @n ď τ . �o, ES2

τ “ Eτ ¨ Eξ2.

Sτ^N “ řN
n“1

ξn1tτěnu “ řτ^N
n“1

ξn
a.s.Ñ Sτ .

S2
τ^N “ řN

n“1
ξ2n1tτěnu ` 2

ř

1ďnămďN ξnξm1tτěmu
a.s.Ñ S2

τ .

ES2
τ^N “ E0pτ ^ Nq ¨ Eξ2.ÏǑ**, ¤±E0S

2
τ^N Ñ ES2

τ .qkE0pτ ^ Nq Ñ E0τ .

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

Ö¿�£:

tSnu ´�: EpSn`1|Fnq “ Sn.

tS2
nu ´e�:

EpS2
n`1|Fnq “ EpS2

n ` 2ξn`1Sn ` ξ2n`1|Fnq “ S2
n`1 ě S2

n.

tS2
n ´ nu ´�.À�½n: tMnu ´�, τ ´Ê�.eE|Mτ | ă 8 �E|Mn|1tτąnu Ñ 0, KEMτ “ EM0.

tSnu: |Sτ | ď N , E|Sn|1tτąnu ď NP pτ ą nq Ñ 0.

tS2
n ´ nu: |S2

τ ´ τ | ď N2 ` τ ,

E|S2
n ´ n|1tτąnu ď EpN2 ` τq1tτąnu Ñ 0.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 Oþ: an`1 :“ EpS2
n`1

|Fnq ´ S2
n “ Eξ2 P Fne�tS2

nu �Doob ©):

S2
n “ Mn ` An,Ù¥, Am “ a1 ` . . . ` am “ m, Mn “ S2

n ´ An, tMnu ´�.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

tMn “ S4
n ´ 6nS2

n ` 3n2 ` 2nu ´�.

τ “ τi ^ τ´i, Eτ2 ă 8.

E|Mτ | ă 8:

|Mτ | ď i4 ` 5τi2 ` 3τ2 ` 2τ.

E|Mn|1tτąnu Ñ 0:

E|Mn|1tτąnu ď Epi4 ` 5τi2 ` 3τ2 ` 2τq1tτąnu Ñ 0.

EMτ “ EM0 “ 0:

i4 ´ 6Eτ ¨ i2 ` 3Eτ2 ` 2Eτ “ 0Ïd, Eτ2 “ 1

3
p5i4 ´ 2i2q, Varpτq “ 2

3
i2pi2 ´ 1q.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

§1.11 ©|L§(Branching process)

tξni : n ě 0; i ě 1u i.i.d.f�©Ù: P pξ “ kq “ pk, k P Z`. (b�p1 ‰ 1)

 

X0 “ 1, X1 “ ξ01, Xn`1 “ ξn1 ` . . . ` ξnXn .

Xn “ 0 ñ Xn`1 “ 0.©|äT (GW ä, Galton-Watson tree):

ξ “ ξ01 “ 4;

ξ11 “ 2, ξ12 “ 0, ξ13 “ 1, ξ14 “ 3;

ξ21 “ 3, ξ22 “ 0, ξ23 “ 5,

ξ24 “ 0, ξ25 “ 2, ξ26 “ 3;

ξ31 “ 3, ξ35 “ 4, ξ3,13 “ 5,

ξ3i “ 2, i “ 3, 7, 11, . . . . . .5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

S�(�I: Xn`1 “ ξn1 ` ¨ ¨ ¨ ` ξnXn .

EpXn`1|Fnq “ Ep‹‹|Fnq “ mXn, m “ Eξ.

tMn “ Xn

mn u ´�.

EXn “ mn. em ă 1 , K
P pXn ě 1q ď EXn Ñ 0.«ý�m: τ0 “ inftn ě 0 : Xn “ 0u.«ýVÇ: ρ “ P1pτ0 ă 8q.·K1.11.2. em ă 1, K

P pτ0 ą nq Ñ 0 ñ ρ “ 1.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 S�(�II: Xn`1 “ X
p1q
n ` . . . ` X

pξq
n .

 

4 

T“ “ ”T1 _ . . . _ Tξ.

ρ “ P p|T| ă 8q
“ P p|T1|, . . . , |Tξ| ă 8q.
“ ř

k pkρ
k.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

ξ �1¼ê: fpsq “ fξpsq “ Esξ “
ř

k pks
k.

0 ď s ď 1 ñ 0 ď fpsq ď 1.

p0 “ fp0q, m “ ř

k
kpk “ f 1p1q.

f2psq ě 0.

Xn �1¼ê:

fXn`1psq “ EsXn`1 “ ř8
k“0

P pXn “ kqEpsξ1`...`ξk |Xn “ kq
“ ř8

k“0
P pXn “ kqfpsqk “ fXnpfpsqq.

fXnpsq “ f pnqpsq.

P pXn “ 0q “ f pnqp0q.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

·K1.11.3. ρ “ P1pτ0 ă 8q´�§s “ fpsq ����K).

ρ ă 1 ô m ą 1.

 

  

 

 

 

 

ρ “ limn P pτ0 ď nq
P pXn “ 0q “ fXnp0q

“ f pnqp0q
ď P pXn`1 “ 0q.

fpρq “ fplimn f
pnqp0qq

“ limn f
`

f pnqp0q
˘

“ limn f
pn`1qp0q “ ρ.

f pnqp0q ď f pnqpρ0q ñ ρ ď ρ0.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 
�C(½Â1.11.5): m “ ř

k kpk, ρ “ P1pτ0 ă 8q.g(e)�.m ă 1: ρ “ 1.

P1plimnÑ8 Xn “ 0q “ 1.�.m “ 1: ρ “ 1.

P1plimnÑ8 Xn “ 0q “ 1.�(þ)�.: m ą 1: ρ ă 1.

ρ “ P1plimnÑ8 Xn “ 0q ă 1.

1 ´ ρ “ P1plimnÑ8 Xn “ 8q ą 0.

5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

Ö¿�£1: m ą 1, λ-biazed RW.

T̃ „ P̃ p¨q “ P p¨||T| “ 8q: m̃ “ m,

p̃k “
ř8

ℓ“0
pk`ℓC

k
k`ℓp1 ´ ρqk´1ρℓ, k ě 1. 

4 

λ-biazed RW:

run´1un “ λn.

1

Rλ
“ 1

λ`λR
p1q
λ

` . . . ` 1

λ`λR
pξ̃q
λ

.

Rλ “ 8 iff R
piq
λ “ 8, @i.

x “ P̃ pRλ “ 8q “ ř8
k“1

p̃kx
k “ f̃pxq.(Ø: P̃ pRλ “ 8q “ 1 ½0. (ÏǑp̃0 “ 0 ñ ρ̃0 “ 0.)

T̃ þ�λ-biazed RW ~�iff λ ě m.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

Ö¿�£2: m ą 1, Xn Ñ 8 ��Ý.�K�Mn “ Xn

mn

a.s.Ñ W ě 0, �EW ă 1.

P pW P T0 Y T`q “ 1, T “ T0 Y T` Y T8 Y TE,

T0 “ tT : W pT q :“ limn
Tn

mn “ 0u.

Xn`1

mn`1 “ 1

m

`

X
p1q
n

mn ` . . . ` X
pξq
n

mn

˘

.

 

4 

W “ 1

mpW1 ` . . . ` Wξq.

W “ 0 iff Wi “ 0, @i.
P pW “ 0q “ p0 ` ř8

k“1
pkP pW “ 0qkÏd, P pT0q “ 1 ½ρ.

P pT`q “ 1 ´ ρ ½0. 3t|T| “ 8u þ, W ð� ½” 0.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

�� �©|L§: pT̂,Φq spine.

 

p̂k “ kpk
m , k ě 1.

P̂ prT̂s3 “ rT s3, rΦs3 “ rφs3q

“ p̂4 ¨ 1

4
ˆ p2p0p1p̂3 ¨ 1

3
ˆ p3p0p5p0p0p̂3 ¨ 1

3

P̂ prT̂s3 “ rT s3, rΦs3 “ rφs3q “ 1

m3P prTs3 “ rT s3q

P̂ prT̂s3 “ rT s3q “ T3 ˆ 1

m3P prTs3 “ rT s3q.

P̂ prT̂sn “ rT snq “ P prTsn “ rT snq ˆ Tn

mn .

dP̂ pT q “ dP pT q ˆ W . /Ïd0,

P pT`q ą 0 iff P̂ pT`q ą 0; P̂ pT0q “ 0.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

P̂ p¨q ´�£¬�©|L§:
 

P pY “ kq “ p̂k`1.

Zn`1 “ ξn1 ` . . . ` ξnZn ` Yn`1.

t Zn

mn u ´Ep¨|Yq e�.

Zn “ Z
p1q
n ` Z

p2q
n´1

` . . . ` Z
pnq
1

.   

   

EpZn|Yq
“ mn´1Y1 ` . . . ` mYn´1 ` Yn.

Ep Zn

mn |~Y “ ~yq “ y1
m ` . . . ` yn

mn .

E ln` Y ă 8 (
ř

kě2
kpk ln k ă 8):

ř8
k“1

Yk

mk

a.s.ă 8 ñ W “ limn
Zn

mn �3�k�. P̂ pT`q “ 1.

E ln` Y “ 8 ñ lim supn
Zn

mn “ 8, a.s.. P̂ pT`q “ 0.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

Ö¿�£3. ©|�ÅiÄ(BRW)

ηni, i.i.d., e.g. P pη “ ˘1q “ 1

2
.

 

 
  

 

 

 

Su “ ηu0 ` . . . ` ηun , u P Tn.

Mn “ maxuPTn Su. S�(�:

Mn`1 “ max
1ďiďξ

pηi ` M piq
n q.

V1 “ eη1 ` . . . ` eηξ , µ “ EV1.-Vn “ ř

uPTn
eSpuq,KtVn

µn u ´�. EVn “ µn.

EVn “ mn
ÊeSpφnq.

 

Mn{n a.s.Ñ x˚ ą 0. ~: ξ ” d, x˚ �þ�O: @a ą 0,

P pMn

n
ą yq ď dn ¨ P pSn ą nyq ď

`

d ¨ Eeapη´yq
˘n
.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)



 

ξ ” d.

 

 
 

 

ESw1Sw2 “ |w| “ n:

Sw1 “ η1 ` ¨ ¨ ¨ ` ηw ` ř

i η̂i,

Sw2 “ ‹ ` ř

j η̃j .�ÄN �äþ��ÅiÄ���¼ê
Gw,v :“ Ew

řτo´1

n“0
1tXn“vu.

Gw1,w2 “ Gw,w2 “ Gw2,w “ Gw,w “ an.

an “ pd ` 1qn.

an “ 1 ` d

d ` 1
an ` 1

d ` 1
an´1 ñ an “ an´1 ` pd ` 1q.5A^�ÅL§6(¢��)Ç���¡ ��ö: ÙE(�®�ÆêÆÆ�)


