
 

1nÙ!�ÅCþ�©Ù¼ê

§3.1 �ÅCþ9Ù©Ù

¼ê!����.

X : Ω Ñ R,

X´1pDq “ tω :Xpωq P Du “ tX P Du, @D Ď R.

�F ´Ω þ�σ �ê. eX : Ω Ñ R ÷v

tX ď xu P F , @x P R,

K¡X ����ÅCþ(random variable). (½Â3.1.1)

X )¤�σ �ê:

σpXq :“ σ
` 

tX ď xu : x P R
(˘

“
 

tX P Bu, @B P B
(

.

X ´�ÅCþiff σpXq Ď F .
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!9�ÅCþ�, �I�pΩ,Fq, ØI�P .

VÇP!�ÅCþX.

¹Â ½Â� gCþ �¦

P � F ¯�A n^

X *ÿ� Ω ��ω tX ď xu P F

©Ù(distribution, law) µ: pR,Bq þ�VÇ.

�ÅCþX �©ÙµX , LpXq:

B ÞÑ P pX P Bq “ P
`

tX P Bu
˘

, @B P B.

^S:

Ω Ñ F Ñ
Õ P Œ

Œ X Õ
Ñ µX .

5VÇØ6�§Ç���¡ ��ö: ?ý_!ÙE(�®�ÆêÆÆ�)



 �ÅCþ:

Ä� Ω: 8Ü F : σ �ê ω: ÎÒ P : VÇ

äN R: ¢¶ B: «m)¤ x: ¢ê µX : ©Ù

 

𝑥 = 𝑋( )𝜔  

Ω, 𝑃 
𝑅, 𝜇𝑋 

𝜔 
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lÑ.©Ù: ©Ù�.

©Ù�,

µptxkuq “ pk, k “ 1, 2, ¨ ¨ ¨ ,

Ù¥, x1, x2, ¨ ¨ ¨ pØ��; pk ě 0, @k;
ř

k pk “ 1.

lÑ.�ÅCþX:

P pX “ xiq “ pi, @i.
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ü:©Ù(òz©Ù): P pX “ cq “ 1.

Ëã|(Bernoulli)©Ù, X „ Bp1, pq:

P pX “ 1q “ p, P pX “ 0q “ q “ 1´ p.

«5¼ê 1A (index function)µ

1Apωq “ 1, @ω P A; 1Apωq “ 0, @ω R A.

X „ Bp1, pq, A “ tX “ 1u, B “ tX “ 0u Ď Ac K

P pX “ 1Aq “ 1. P�X
a.s.
“ 1A, {PX “ 1A.

X “ Y �P pX “ Y q “ 1; X ě 0 �P pX ě 0q “ 1.

ü:©Ù:

P pX “ aq “ p, P pX “ bq “ q, a ‰ b.
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��(Binomial)©Ù, X „ Bpn, pq:

P pX “ kq “ Cknp
kqn´k “: bpk;n, pq, k “ 0, 1, ¨ ¨ ¨ , n.

�AÛ(Hypergeometric)©Ù, X „ HpN,M,nq:

P pX “ kq “ CkMC
n´k
N´M{C

n
N “: hpk;N,M,nq, k “ 0, 1, ¨ ¨ ¨ , n.

~: n “ 5. H-T iÎG��:

HHTHT ÞÑ M
N ¨

M´1
N´1 ¨

N´M
N´2 ¨

M´2
N´3 ¨

N´M´1
N´4 .

�½n. �N Ñ8, M
N Ñ p �,

hpk;N,M,nq Ñ bpk;n, pq, @k ě 0.
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AÛ(Geometric)©Ù, X „ Gppq:

P pX “ kq “ qk´1p, k “ 1, 2, ¨ ¨ ¨ .

�©Ù: P pX ą kq “ qk, @k ě 0.

ÃPÁ5:

P pX ´ k “ `|X ą kq “ P pX “ `q.

ødk(Pascal)©Ù, X „ P pr, pq:

P pX “ kq “ Ck´rk´1q
k´rpr “: fpk; r, pq, k “ r, r ` 1, ¨ ¨ ¨ .

K��(Negative Binomial)©Ù, X „ NBpr, pq:

P pX “ `q “ C`r``´1q
`pr “: nbp`; r, pq, ` “ 0, 1, 2, ¨ ¨ ¨ .
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ødk©Ùfpk; r, pq, K��©Ùnbp`; r, pq:

fpk; r, pq “ nbp`; r, pq “ Cr´1
k´1q

k´rpr, (2.3.11)

k “ r ` ` “ r, r ` 1, ¨ ¨ ¨ .

©Ù5¯K: k�t ÛöI. `®�n Û, ¯®�m Û.

XÛ©Ù5?

(1) H: `�Û�, VÇ�p.

`�I�r “ t´ n g, ¯�Is “ t´m g.

(2) �e5, `1r g��, ¯T�` g�VÇ“ nbp`; r, pq.

(3) P p/`I0q “
řs´1
`“0 nbp`; r, pq.
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Ñt(Poisson)©ÙX „ P pλq:

P pX “ kq “
λk

k!
e´λ, k “ 0, 1, 2, ¨ ¨ ¨ .

~2.4.10. 37.5¦S��Ñ�âfêX „ P pλq.

ò7.5¦À�ü �m, �©¤n ã. 

0 1 

3z�ãS��âf�VÇ�p “ λ
n ,

3ØÓ�ãS´Ä��âf�pÕá.
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 òT��5Ô��©¤n ¬.
                        

                        

                        

                        

                        

                        

                        

                        

                        

                        

                        

                        

                        

                        

                        

                        

 

z�¬��âf�VÇ�p “ λ
n ,

ØÓ�¬´Ä��âf�pÕá.

P pX “ kq « bpk;n, pq, Ù¥p “ λ
n .

§2.4 ��©Ùbpk;n, pq �Ñt©Ùpk.

bpk;n, pq “
n!

k!pn´ kq!
pkqn´k

«
1

k!
pnpqkp1´ pqn

nÑ8,npÑλ
ÝÑ

λk

k!
e´λ, @k ě 0.
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bpk;n, pq ü¸:

αk “
bpk;n, pq

bpk ´ 1;n, pq
“ 1`

pn` 1qp´ k

kq
ě 1 iff k ď pn` 1qp

���:k0:

ea “ pn` 1qp R Z, Kk0 “ ras;

ea P Z, Kk0 “ a, a´ 1;

pkpλq “
λk

k! e
´λ ü¸:

βk “
pkpλq
pk´1pλq

“ λ
k ě 1 iff k ď λ.

¸�: rλs, λ´ 1.
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ëY.©Ù: �Ý

(VÇ)�Ý(¼ê) (p.d.f.) ppxq,

µpp´8, xsq “

ż x

´8

ppyqdy, @x P R,

Ù¥, ppxq ě 0;

ż

ppxqdx “

ż 8

´8

ppxqdx “ 1.

ëY.�ÅCþ: @x,

P pX ď xq “

ż x

´8

ppyqdy, P pX ą xq “

ż 8

x
ppyqdy.

üÕ!Ø��:x éA�ppxq ´vk¿Â�.
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�Ý: b�p 3x :ëY§K

P
`

X P px´∆x, xs
˘

“ ppxq∆x` op∆xq.

Ø´VÇ:

P pX “ xq ‰ ppxq.

eX ´ëY.�ÅCþ§Ké?¿x P R, P pX “ xq “ 0.
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þ!(uniform)©Ù, X „ Upa, bq:

ppxq “
1

b´ a
¨ 1taďxďbu;

½

ppxq “
1

b´ a
, (Ù¥) a ă x ă b.

AÛV..
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�ê(exponential)©Ù, X „ Exppλq:

ppxq “ λe´λx, Ù¥ x ě 0, p½x ą 0q.

~2.4.10. 1��âf����X „ Exppλq.
 

0 t t 

3 1
n �mS��âf�VÇ�p “ λˆ 1

n . Y „ Gppq.

�©Ù P pX ą tq “ e´λt: X « Y
n ,

P pX ą tq « P pY ą ntq « p1´ pqnt « e´λt.

ÃPÁ5: P pX ´ t ą s|X ą tq “ e´λs.
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��(Normal)©Ù,

X „ Npµ, σ2q:

ppxq “
1

?
2πσ2

e´
px´µq2

2σ2 .

IO��©Ù,

Z „ Np0, 1q:

ϕpxq “
1
?

2π
e´

x2

2 .

ppxq “ 1
σϕ

`

x´µ
σ

˘

.
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I “
ş

pZpxqdx “
ş

1?
2π
e´

x2

2 dx.

I2 “
1

2π

ĳ

e´
x2

2 e´
y2

2 dxdy

“
1

2π

ż 2π

0

´

ż 8

0
e´

r2

2 rdr
¯

dθ

“

ż 8

0
e´RdR “ 1.

Bp2n, 1
2q Ñ Np0, 1q, p�î�, ¥%4�½n.
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ϕ �ó¼ê,

$:: σ “ ˘1.

Φpxq “ P pZ ď xq:

Φp´xq “ 1´ Φpxq.

Φpxq: �L.
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³ç(Gamma)©Ù, Γ ©Ù, X „ Γpr, λq:

ppxq “
λr

Γprq
xr´1e´λx, Ù¥x ą 0.

Γprq “
ş8

0 yr´1e´ydy.

Γpr ` 1q “ rΓprq:

ż 8

0
yre´ydy “ ´yre´y

ˇ

ˇ

ˇ

8

0
`

ż 8

0
ryr´1e´ydy.

Γp1, λq “ Exppλq, Γp1q “ 1.

Γp1
2q “

?
π:

Γ

ˆ

1

2

˙

“

ż 8

0

1
?
y
e´ydy “

?
2

ż 8

0
e´

x2

2 dx “
?
π.
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���©Ù: ©Ù¼ê.

µ �©Ù¼ê: F pxq “ µpp´8, xsq, @x P R.

X �©Ù¼ê:

F pxq “ FXpxq “ P pX ď xq.

½n3.1.1. F “ FX : x ÞÑ P pX ď xq ÷v:

(1) üN5: ex ď y, KF pxq ď F pyq.

(2) 8�5: F p8q :“ limxÑ8 F pxq “ 1;

F p´8q :“ limxÑ´8 F pxq “ 0.

(3) mëY5: limδÑ0` F px` δq “ F pxq.

÷vþã(1), (2), (3) �¼ê�¡�©Ù¼ê.
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ÏL©Ù¼ê¦�
AÏ¯��VÇ:

(1) P pX ă bq “ F pb´q

(2) P pX “ aq “ F paq ´ F pa´q

(3) P pa ă X ď bq “ F pbq ´ F paq.

�d¼ê:

F̂ pxq “P pX ă xq “ lim
yÕx

F pyq “: F px´q,

F pxq “ lim
yŒx

F̂ pyq “: F̂ px`q.

X ��©Ù¼ê:

GXpxq “ 1´ F pxq “ P pX ą xq; Ĝpxq “ 1´ F̂ pxq.
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lÑ.: P pX “ xiq “ pi.

xi �FX �a:, pi �a�ÌÝ.

 

p 

1-p 

1 0 

ëY.: F´RþëY¼ê¶3�½^�e:

pXpxq “ F 1Xpxq “ ´G
1
Xpxq.

 

1 0 

* QØ´ëY.!qØlÑ.�©Ù.

 

p 

1-p 

1 0 

Ó©Ù, X
d
“ Y : µX “ µY ,

©Ù¼ê/©Ù�/�Ý�Ó.
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§3.2 �Å�þ, �ÅCþ�Õá5

�Å�þ: Ó�� pΩ,Fq ¥�õ��ÅCþ(�å�Ä).

n ��Å�þ: ξ “ ~X “ pX1, ¨ ¨ ¨ , Xnq

~X : Ω Ñ Rn, ω ÞÑ pX1pωq, ¨ ¨ ¨ , Xnpωqq.

t ~X ď ~xu:

tX1 ď x1, ¨ ¨ ¨ , Xn ď xnu

“t ~X P Du, D “ p´8, x1s ˆ ¨ ¨ ¨ ˆ p´8, xns.

σp ~Xq “
 

t ~X P Bu, @B P Bn
(

Ď F .

8 ��Å�þ/�x�ÅCþ: pX1, X2, ¨ ¨ ¨ q, tXi, i P Iu.
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±n “ 2 �~, ξ “ pX,Y q.

éÜ©Ù:

B ÞÑ µξpBq “ P pξ P Bq, @B P B2.

éÜ©Ù¼ê:

F px, yq “ P pX ď x, Y ď yq.

F px, yq�5�:

(1) (i)!(ii)!(iii) (�ÖP143, “�ëY0U�“mëY”).

(2) (iv) é?¿a1 ă b1, a2 ă b2, Ñ

kF pb1, b2q ´ F pa1, b2q ´ F pb1, a2q ` F pa1, a2q ě 0.
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lÑ.

lÑ.: pxi, yiq; pi ě 0,
ř

i pi “ 1.

P ppX,Y q “ pxi, yiqq “ pi.

i “ 1, ¨ ¨ ¨ , n ½i “ 1, 2, ¨ ¨ ¨ .

 

�d½Â: X, Y Ñ´lÑ.�ÅCþ.

P pX “ xi, Y “ yjq, i P I, j P J.

>�©Ù�: P pX “ xiq, i P I.

^�©Ù�: �½i,

P pY “ yj |X “ xiq, j P J .

 

P pX “ xi, Y “ yjq

“ P pX “ xiqP pY “ yj |X “ xiq.
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~(SKn, 23). õ�©Ù. k�þ®), ¹ù!�!7n«ôÚ,

'~©O�p1, p2, p3. Än |, Ä�R |ù, Y |�, B |7.

ω: ��n �R-Y-B iÎG,

P pR “ k1, Y “ k2, B “ k3q “ Ck1n C
k2
n´k1

pk11 p
k2
2 p

k3
3 , p3.2.6q

@k1, k2, k3 ě 0, k1 ` k2 ` k3 “ n.

>�©Ù�:

P pR “ k1q “

n´k1
ÿ

k2“0

P pR “ k1, Y “ k2q

“Ck1n p
k1
1 q

n´k1
1 , k1 “ 0, ¨ ¨ ¨ , n.
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^�©Ù�: �½k1,

P pY “ k2|R “ k1q “C
k2
m p̂

k2
2 q̂

m´k2
2 , k2 “ 0, ¨ ¨ ¨ ,m,

m “ n´ k1, p̂2 “
p2

p2 ` p3
.

O�^�VÇ: �½k1,

P pY “ k2|R “ k1q 9 P pR “ k1, Y “ k2q.
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~(SKn§24). õ��AÛ©Ù. �¥kù!�!7¥

�N1, N2, N3 �. Än �, Ä��R, Y , B �.

@k1, k2, k3 ě 0, k1 ` k2 ` k3 “ n.

P pR “ k1, Y “ k2, B “ k3q “
C
k1
N1
C
k2
N2
C
k3
N3

CnN
. (3.2.7)

>�©Ù�:

P pR “ k1q “
řm
k2“0 P pR “ k1, Y “ k2q (m “ n´ k1)

“
C
k1
N1
C
k2`k3
N2`N3
CnN

“
C
k1
N1
C
n´k1
N´N1

CnN
, k1 “ 0, ¨ ¨ ¨ , n.

^�©Ù�: �½k1,

P pY “ k2|R “ k1q “
C
k2
N2
C
k3
N3

CmN2`N3

, k2 “ 0, ¨ ¨ ¨ ,m.
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ëY.

ëY.: pX,Y q kéÜVÇ�Ý¼êppx, yq “ pX,Y px, yq,

P pX ď x, Y ď yq “

ż x

´8

ż y

´8

ppu, vqdudv, @x, y.

P
`

pX,Y q P D
˘

“
ť

D ppx, yqdxdy, @D P B2,

D “ tpx, xq : x P Ru:

P pX “ Y q “

ĳ

D

ppx, yqdxdy “ 0.

X, Y Ñ´ëY..

>��Ý: pXpxq “
ş

ppx, yqdy,

P pX ď xq “ P pX ď x, Y P Rq “
ż x

´8

ż

ppz, yqdydz.
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^��Ý: �½x (pXpxq ą 0q.

PY |Xpy|xq “
ppx, yq

pXpxq
, @y.

b�éÜ�ÝëY. ^�©Ù¼ê:

P pY ď y|X “ xq :“ lim
δÑ0`

P pY ď y|x´ δ ă X ď x` δq.

“ lim
δÑ0`

P px´ δ ď X ď x` δ, Y ď yq

P px´ δ ď X ď x` δq

“ lim
δÑ0`

şx`δ
x´δ

şy
´8

ppu, vqdvdu
şx`δ
x´δ pXpuqdu

“

ż y

´8

ppx, vq

pXpxq
dv.

O�: pY |Xpy|xq 9 ppx, yq.

éÜ�Ý: ppx, yq “ pXpxqpY |Xpy|xq.
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X, Y Ñ´ëY.Cþ, ξ “ pX,Y q Ø�½´ëY.�þ.

~, ξ “ pZ,Zq, Ù¥Z „ Np0, 1q.

~, U „ Up0, 1q:

X “ cosp2πUq, Y “ sinp2πUq.

(1) pX,Y q „ UpS1q.

(2) ^�©Ù¼ê: ~, e|x| ă 1, K@ε ą 0,

P pY ď
a

1´ x2 ` ε|X “ xq

“ lim
δÑ0`

P pY ď
a

1´ x2 ` ε|x´ δ ă X ď x` δq “ 1.

(3) ^�©Ù(�):

P
´

Y “ ˘
a

1´ x2
ˇ

ˇ

ˇ
X “ x

¯

“
1

2
.
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þ!©Ù, ~X „ UpDq: pp~xq “ 1

|D| ¨ 1Dp~xq.

n “ 2:

pY |Xpy|xq “
1

|Dx|
¨ 1Dxpyq,

Dx “ ty : px, yq P Du.

 

����«�.  
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����©ÙNp~µ,Σq

ëê: µ1, µ2 P R, σ1, σ2 ą 0; ρ P p´1, 1q.

éÜ�Ý�L�ªXe(3.2.22):

ppx, yq “
1

2πσ1σ2

a

1´ ρ2
exp

"

´
1

2p1´ ρ2q
¨ I

*

,

Ù¥, I “
px´ µ1q

2

σ2
1

´ 2ρ
px´ µ1qpy ´ µ2q

σ1σ2
`
py ´ µ2q

2

σ2
2

“u2 ´ 2ρuv ` v2.

P~µ “ pµ1, µ2q, Σ “

˜

σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

¸

, K

ppx, yq “ C exp

"

´
1

2
px´ µ1, y ´ µ2qΣ

´1px´ µ1, y ´ µ2q
T

*

.
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��IO��©Ù: µ1 “ µ2 “ 0, σ1 “ σ2 “ 1; ρ “ 0.

qpx, yq “
1

2π
e´

1
2
px2`y2q.

���/, u “ x´µ1
σ1

, v “ y´µ2
σ2

,

I “u2 ´ 2ρuv ` v2

“pv ´ ρuq2 ` p
a

1´ ρ2uq2.

u´,

ppx, yq “C exp

"

´
1

2p1´ ρ2q
¨ I

*

“C̃ ¨ q

˜

v ´ ρu
a

1´ ρ2
, u

¸

�Ý¼êã:
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½n3.2.1. �ppx, yq “ C ¨ exp
!

´ 1
2p1´ρ2q

¨ I
)

, Ù¥

I “ u2 ´ 2ρuv ` v2, u “ px´ µ1q{σ1, v “ py ´ µ2q{σ2. K

(1) >�: X „ Npµ1, σ
2
1q.

(2) ^��ÝpY |Xpy|xq:

Ĉ exp

$

’

&

’

%

´

´

y ´
`

µ2 ` ρ
σ2
σ1
px´ µ1q

˘

¯2

2p1´ ρ2qσ2
2

,

/

.

/

-

.

I “ pv ´ ρuq2 ``p
a

1´ ρ2uq2.

�½x, pY |Xpy|xq 9 ppx, yq:

pY |Xpy|xq “ Ĉ ¨ exp

#

´
1

2p1´ ρ2q

ˆ

y ´ µ2

σ2
´ ρ

x´ µ1

σ1

˙2
+

.
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�ÅCþ��pÕá5

e@x1, ¨ ¨ ¨ , xn P R,

P pX1 ď x1, ¨ ¨ ¨ , Xn ď xnq “ P pX1 ď x1q ¨ ¨ ¨P pXn ď xnq,

K¡X1, ¨ ¨ ¨ , Xn �pÕá. (½Â3.2.3)

tX ď xu Ñ tX P Bu:

P pXi P Bi,@iq “
ź

i

P pXi P Biq, @B1, ¨ ¨ ¨ , Bn P B.

‹‹ iff é?¿@B1, ¨ ¨ ¨ , Bn P B, tX1 P B1u, ¨ ¨ ¨ , tXn P Bnu

�pÕá.
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Õá5�d^�:

lÑ.: X1, ¨ ¨ ¨ , Xn Õáiff é?¿xi P Ri, i “ 1, ¨ ¨ ¨ , n

P pX1 “ x1, X2 “ x2, ¨ ¨ ¨ , Xn “ xnq “
n
ź

i“1

P pXi “ xiq,

Ù¥Ri ´Xi ����m.

ëY.: X1, ¨ ¨ ¨ , Xn Õáiff

ppX1,¨¨¨ ,Xnqp~xq “
n
ź

i“1

pXipxiq.
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~, ëY., n “ 2:

ppX,Y qpx, yq “ pXpxqpY pyq, pY |Xpy|xq “ pY pyq.

Õá¿©^�: ppx, yq “ fpxqgpyq, x, y P R.

(1) pXpxq “ Cfpxq,

C “

ż

gpyqdy “
1

ş

fpxqdx
.

(2) pY pyq “
1
C gpyq, ppx, yq “ Cfpxq ¨ 1

C gpyq.

Õá¿©^�: pY |Xpy|xq “ gpyq:

ppx, yq “ pXpxqgpyq.
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X1, ¨ ¨ ¨ , Xn, ¨ ¨ ¨ �pÕá:

X1, ¨ ¨ ¨ , Xn �pÕá, @n.

üüÕá: Xi �Xj Õá, @i ‰ j.

ÕáÓ©Ù:

X1, ¨ ¨ ¨ , Xn, ½X1, X2, ¨ ¨ ¨ �pÕá, �Xi
d
“ X1, @i.

independent and identically distributed, i.i.d..

5VÇØ6�§Ç���¡ ��ö: ?ý_!ÙE(�®�ÆêÆÆ�)



 �ÅCþÕá�5�:

b�X1, X2, ¨ ¨ ¨ , Xn �pÕá§K

é?¿pØ�Ó�i1, ¨ ¨ ¨ ik P t1, ¨ ¨ ¨ , nu,

Xi1 , ¨ ¨ ¨ , Xik �pÕá;

b�gi, 1 ď i ď n, ´���ÿ¼ê,

Kg1pX1q, g2pX2q, ¨ ¨ ¨ , gnpXnq �pÕá¶

b�φpx1, ¨ ¨ ¨xkq ´k-��ÿ¼ê,

KφpX1, X2, ¨ ¨ ¨ , Xkq, Xk`1, ¨ ¨ ¨ , Xn �pÕá.
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SK�!43. z�ÁÎÕá/±VÇp Èz�rÁ.

ÁÎêX „ P pλq, Y “ rÁê, Z “ kÎê. ïÄpY,Zq.

>�©Ù: X „ P pλq.

^�©Ù:

P pY “ k|X “ nq “ Cknp
kqn´k, k “ 0, 1, ¨ ¨ ¨ , n.

éÜ©Ù: @k, ` “ 0, 1, ¨ ¨ ¨ ,

P pY “ k, Z “ `q “ P pY “ k,X “ k ` `q

“
λk``

pk ` `q!
e´λ ˆ

pk ` `q!

k!`!
pkq` “

pλpqk

k!
¨
pλqq`

`!
e´λ.

Y „ P pλpq, Z „ P pλqq, Y �Z Õá: e´λ “ e´λp ¨ e´λq.
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�Å�þ(��z: ���ÅCþXi �±��z��Å�

þξ)µ

Xi Ñ ξi “ pXi,1, ¨ ¨ ¨ , Xi,diq.

ξi, i P I, üüÕá, �pÕá, ÕáÓ©Ù. (aq½Â)

½Â¥�tX ď xu U�

tξ ď ~xu “tX1 ď x1, ¨ ¨ ¨ , Xd ď xdu.
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�ÅCþ�¼ê

§3.3 �ÅCþ�¼ê9Ù©Ù

¼êf : RÑ R, x ÞÑ y “ fpxq. �ÄX �¼ê:

Y “ fpXq : ω ÞÑ fpXpωqq.

Y ´�ÅCþ: f´1pDq “ tx : fpxq P Du,

tY ď yu “
!

X P f´1
`

p´8, ys
˘

)

P F .

Borel ¼ê:

tx : fpxq ď yu “ f´1
`

p´8, ys
˘

P B, @y P R;

f´1pBq P B, @B P B.
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Y “ fpXq, Ù¥, f ´Borel ¼ê.

8I: ¦Y �©Ù.

lÑ.:

P pY “ yjq “
ÿ

i:fpxiq“yj

pi.

���/, ©Ù¼ê{: tY P Bu “ tX P f´1pBqu,

FY pyq “ P
`

fpXq ď y
˘

“ P pX P Dq,

Ù¥D “ f´1pp´8, ysq.

eX
d
“ Y , KfpXq

d
“ fpY q, @f .
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~. ©Ù¼êF �2Â_.

©Ù¼ê�2Â_:

F´1puq :“ inftx : F pxq ě uu, @u P p0, 1q.

x0 “ F´1puq ď x iff u ď F pxq.

(1) ex ą x0, KF pxq ě u; ex ă x0, KF pxq ă u;

(2) ex “ x0, KF pxq ě u. (F mëY.)

F´1 ´Borel ¼ê:

 

u : F´1puq ď x
(

“
`

0, F pxq
‰

.

© ê: F´1ppq. ~, ëY., exu “ F´1puq, KF pxuq “ u.
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F´1puq ď x iff u ď F pxq.

�U „ Up0, 1q, -X “ F´1pUq. KFX “ F .

P pX ď xq “ P
`

F´1pUq ď x
˘

“ P pU ď F pxqq “ F pxq.

?¿©Ù¼êÑ´,�ÅCþ�©Ù¼ê. (½n3.3.1)
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eF1pxq ď F2pxq (ô G1pxq ě G2pxq), K

F´1
2 puq ď F´1

1 puq ñ X2 :“ F´1
2 pUq ď F´1

1 pUq “: X1.

F pxq :“ F1pxq ^ F2pxq ´©Ù¼ê:

P
`

F´1
1 pUq _ F´1

2 pUq ď x
˘

“ P
`

U ď F1pxq, U ď F2pxq
˘

.

F pxq :“ pF1pxq ` qF2pxq ´©Ù¼ê:

�U1, U2 i.i.d. „ Up0, 1q.

X “1tU2ďpuF
´1
1 pU1q ` 1tU2ąpuF

´1
2 pU1q,

FXpxq “P
`

U2 ď p, F´1
1 pU1q ď x

˘

` P
`

U2 ą p, F´1
2 pU1q ď x

˘

“pF1pxq ` qF2pxq.
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~. ëY.. Y “ fpXq.

f î�üN, x “ gpyq P C1: ~X, f þ,,

P px ă X ď x`∆xq “ P py ă Y ď y `∆yq. 

[       ] 

y 

[    ] 

x 

dx 

dy 

f 

(½x, y �����.

pXpxq|dx| “ pY pyq|dy|: (3.3.12)

pY pyq “ pXpxq
1

|f 1pxq|
“ pX

`

gpyq
˘

¨ |g1pyq|.
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f �õé�:
 

[       ] 

y 

[    ] 

x1 

dx1 

dy 

[  ] 

x2 

dx2 

(½x, y �����.

(½z�y �¤k��:xi, i P Iy, (3.3.14)

pY pyq “
ÿ

xi:fpxiq“y

pXpxiq
1

|f 1pxiq|

“
ÿ

iPIy

pX
`

gipyq
˘

¨ |g1ipyq|.
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~3.3.1 „ 3.3.3. Z „ Np0, 1q,

ppzq “
1
?

2π
exp

 

´
z2

2

(

.

�òz�5C�: X “ µ` σZ „ Npµ, σ2q: z “ x´µ
σ ,

pXpxq “ pZpzq

ˇ

ˇ

ˇ

ˇ

dz

dx

ˇ

ˇ

ˇ

ˇ

“
1

?
2πσ2

exp

"

´
px´ µq2

2σ2

*

.

eY „ Npµ, σ2q, KY ˚ “ pY ´ µq{σ „ Np0, 1q.

a` bY “ pa` bµq ` pbσqY ˚ „ Npa` bµ, b2σ2q.
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éê��W “ eX : x “ lnw. @w ą 0,

pW pwq “ pXpxq

ˇ

ˇ

ˇ

ˇ

dx

dw

ˇ

ˇ

ˇ

ˇ

“
1

?
2πσ2w

exp

"

´
plnw ´ µq2

2σ2

*

.

²�V “ Z2 „ Γp1
2 ,

1
2q: z1 “

?
v, z2 “ ´

?
v.

pV pvq “pZpz1q

ˇ

ˇ

ˇ

ˇ

dz1

dv

ˇ

ˇ

ˇ

ˇ

` pZpz2q

ˇ

ˇ

ˇ

ˇ

dz2

dv

ˇ

ˇ

ˇ

ˇ

“2ˆ
1
?

2π
e´

v
2

1

2
?
v
“

1
?

2π
v´

1
2 e´

v
2 , v ą 0.
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�Å�þ�¼ê

Borel ¼ê~Y “ fp ~Xq,

f : Rn Ñ Rm, B̂ “ f´1pBq P Bn, @B P Bm.

8I: ¦~Y �©Ù.

P
`

~Y P B
˘

“ P
`

~X P B̂
˘

.

~X
d
“ ~Y : µ ~X “ µ~Y iff F ~X “ F~Y .
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e ~X

d
“ ~Y , Kfp ~Xq

d
“ fp~Y q, @f .

P
`

fp ~Xq P B
˘

“P
`

~X P B̂
˘

“P
`

~Y P B̂
˘

“ P
`

fp~Y q P B
˘

.

e ~X �~Y Õá, Kfp ~Xq �gp~Y q Õá:

P
`

fp ~Xq P B, gp~Y q P D
˘

“ P
`

~X P B̂, ~Y P D̂
˘

“P
`

~X P B̂
˘

P
`

~Y P D̂
˘

“ P
`

fp ~Xq P B
˘

P
`

gp~Y q P D
˘

.
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ëY., f : Rn Ñ Rn, ~x ÞÑ ~y.

�é�: p ~Xp~xq|d~x| “ p~Y p~yq|d~y|,

p~Y p~yq “ p ~X
`

gp~yq
˘

¨

ˇ

ˇ

ˇ

ˇ

Bgp~yq

B~y

ˇ

ˇ

ˇ

ˇ

, J “
B~x

B~y
“ det

ˆ

Bxi
Byj

˙

nˆn

.

õé�:

p~Y p~yq “
ÿ

iPIy

p ~X
`

gip~yq
˘

¨

ˇ

ˇ

ˇ

ˇ

Bgip~yq

B~y

ˇ

ˇ

ˇ

ˇ

.
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f : Rn Ñ Rm: ±R2 Ñ R1 �~, W “ fpX,Y q.

�{�!©Ù¼ê{:

FW pwq “ P pW ď wq “ P
`

pX,Y q P Dw

˘

.

�{�!ÖCþ{:

ég, ¦�px, yq ÞÑ
`

fpx, yq, gpx, yq
˘

´�é��.

(1) -V “ gpX,Y q, ¦éÜ�Ý:

pW,V pw, vq “ pX,Y px, yq ¨

ˇ

ˇ

ˇ

ˇ

Bpx, yq

Bpw, vq

ˇ

ˇ

ˇ

ˇ

.

(2) ¦>��Ý:

pW pwq “

ż

pW,V pw, vqdv.
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~. �pX,Y q kéÜ�Ýppx, yq. -W “ X ` Y , ¦pW .

¦FW :

FW pwq “ P pX ` Y ď wq
::::::::::::::

“

ĳ

ppx, yq1tx`yďwudxdy.

z�È©:
ĳ

ppx, z ´ xq1tzďwudzdx “

ż w

´8

ż

ppx, z ´ xqdxdz.

¦�:

pW pwq “

ż

ppx,w ´ xqdx “

ż

pXpxqpY |Xpw ´ x|xqdx.

�Vúª:

‹‹
::
“

ż

pXpxqP pY ď w ´ x|X “ xqdx.
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eX, Y �pÕá, K

pW pwq “

ż

pXpxqpY pw ´ xqdx “ pX ˚ pY pwq,

f ˚ gpwq :“

ż

fpxqgpw ´ xqdx “

ż

fpw ´ yqgpyqdy.

µ ˚ ν :“ LpX ` Y q, Ù¥X „ µ, Y „ ν, �X �Y Õá.

ëY.: pµ˚ν “ pµ ˚ pν .

lÑ.: ~, �U��Z, K

pµ ˚ νqk “
ÿ

iPZ
µiνk´i.
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�x©Ù Π ÷v�\5/2)5�:

µ ˚ ν P Π, @µ, ν P Π.

~4.5.6. Bpn, pq ˚Bpm, pq “ Bpn`m, pq.

eX1, X2, ¨ ¨ ¨ i.i.d., Sn “
řn
i“1Xi, K

LpSnq ˚ LpSmq “ LpSn`mq.

~. tP pλq : λu; tNpµ, σ2q : µ, σ2u; tΓpr, λq : ru.
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~Kù)

~3.3.7. tΓpr, λq : ru ÷v�\5:

eX „ Γpr, λq, Y „ Γps, λq, Õá. KX ` Y „ Γpr ` s, λq.

�Ý:

pXpxq “
λr

Γprq
xr´1e´λx, x ą 0.

Z “ X ` Y : pZpzq “
ş

pXpxqpY pz ´ xqdx. @z ą 0,

pZpzq “ C

ż z

0
xr´1e´λx ¨ pz ´ xqs´1e´λpz´xqdx

“Ce´λz
ż 1

0
ptzqr´1

`

p1´ tqz
˘s´1

dptzq “ Ĉzr`s´1e´λz.
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X1, X2, ¨ ¨ ¨ i.i.d., „ Exppλq “ Γp1, λq, K

Sn „ Γpn, λq, pSnpsq “
λn

pn´ 1q!
sn´1e´λs, s ą 0.

Z1, Z2, ¨ ¨ ¨ i.i.d., „ Np0, 1q. Z2
1 „ χ2p1q “ Γp1

2 ,
1
2q,

Z2
1 ` ¨ ¨ ¨ ` Z

2
n „ χ2pnq “ Γ

ˆ

n

2
,
1

2

˙

. p3.3.11q

χ2p2q “ Γp1, 1
2q “ Expp1

2q,

Z2
1 ` Z

2
2
d
“ X1, λ “

1

2
.
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~3.3.5 & 3.3.9. X,Y i.i.d., „ Np0, 1q. ppzq “ 1?
2π

exp
!

´ z2

2

)

.

X “ R cos Θ, Y “ R sin Θ.

pR,Θpr, θqdrdθ “ pX,Y px, yqdxdy,

ˇ

ˇ

ˇ

ˇ

Bpx, yq

Bpr, θq

ˇ

ˇ

ˇ

ˇ

“ r.

r ą 0, θ P p0, 2πq,

pR,Θpr, θq “
1

2π
exp

"

´
x2 ` y2

2

*

¨ r “
1

2π
¨ r exp

!

´
r2

2

)

.

W “ R2 “ X2 ` Y 2 „ Expp1
2q “ Γp1, 1

2q.

pW pwq “ pRprq
dr

dw
“ r exp

!

´
r2

2

)

¨
1

2r
“

1

2
e´

w
2 , @w ą 0.

Θ „ Up0, 2πq, �Θ, R �pÕá.
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 U1, U2 i.i.d., „ Up0, 1q, K

pR2,Θq “ pW,Θq
d
“ p´2 lnU1, 2πU2q :

P pW ą xq “ e´
x
2 “ P

´

U1 ă e´
x
2

¯

“ P p´2 lnU1 ą xq .

l,

pZ1, Z2q
d
“

´

a

´2 lnU1 cosp2πU2q,
a

´2 lnU1 sinp2πU2q

¯

.
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V “ tan Θ „ �Ü(Cauchy)©Ù: �é�,

dv

dθ
“

1

cos2 θ
“ 1` v2.

pV pvq “
2
ÿ

i“1

pΘpθiq

ˇ

ˇ

ˇ

ˇ

dθi
dv

ˇ

ˇ

ˇ

ˇ

“
1

π
¨

1

1` v2
.

Θ̂ “ fpΘq „ Up´π
2 ,

π
2 q,

V “ tan Θ̂, �é�.

pV pvq “ pΘ̂pθq

ˇ

ˇ

ˇ

ˇ

dθ

dv

ˇ

ˇ

ˇ

ˇ

“ ‹.

(3.3.13)

 

𝜋

2
 

−
𝜋

2
 

𝜋

2
 

3𝜋

2
 𝜋 2𝜋 
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��C�:

pX̂, Ŷ q “ pX cosα` Y sinα, ´X sinα` Y cosαq.

KpX̂, Ŷ q
d
“ pX,Y q.

(1) r2 “ r̂2:

p̂px̂, ŷq “ ppx, yq “
1

2π
e´

r2

2 .

(2) ²£: Θ̂ “ gpΘq „ Up0, 2πq,

pR, Θ̂q
d
“ pR,Θq.

 

2𝜋 

−𝛼 

2𝜋 − 𝛼 

0 
𝛼 

2𝜋 
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~3.3.10. pX,Y q „ Np~0; Σq, ¦pW,V , Ù¥,

W “ X cosα` Y sinα, V “ ´X sinα` Y cosα.

éÜ�Ý: ppx, yq “ C expt´1
2 ¨ Iu,

I “ px, yqΣ´1px, yqT “
1

p1´ ρ2q

ˆ

x2

σ2
1

´ 2ρ
xy

σ1σ2
`
y2

σ2
2

˙

.

pW,V pw, vq “ pX,Y px, yq,
Bpx,yq
Bpw,vq “ 1:

I “ pw, vqBΣ´1B´1pw, vqT . (px, yq “ pw, vqB)

pW,V q „ Np~0, Σ̂q, Σ̂ “ BΣB´1. n �aq.

σ̂12 “ ρσ1σ2pcos2 α´ sin2 αq ´ pσ2
1 ´ σ

2
2q cosα sinα.

�α ¦�σ̂12 “ 0µ
#

α “ π{4, eσ2
1 “ σ2

2;

tanp2αq “ 2ρσ1σ2{pσ
2
1 ´ σ

2
2q, eσ

2
1 ‰ σ2

2.
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~. (�ê©Ù) X1, ¨ ¨ ¨ , Xn �pÕá, Xi „ Exppλiq, @i.

aX1 „ Exppλ1{aq:

P paX1 ą xq “ P pX1 ą
x

a
q “ e´

λ
a
x.

Y :“ min
1ďiďn

Xi. K@x ą 0,

P pY ą xq “
n
ź

i“1

P pXi ą xq “ e´
řn
i“1 λix. p3.3.26q

~, n ��pÕá��ÅCþ����:

P

ˆ

max
1ďiďn

Xi ď x

˙

“

n
ź

i“1

P pXi ď xq. p3.3.25q
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