
 

1. n ��Å�þ
§3.6 n ��Å�þ½Â6.1. �ξ “ pX1, ¨ ¨ ¨ ,Xnq ´n ��þ, ¡

F px1, ¨ ¨ ¨ , xnq “ P pX1 ď x1, ¨ ¨ ¨ ,Xn ď xnq, x1, ¨ ¨ ¨ , xn P R
nǑξ �éÜ©Ù¼ê, ǑPǑFξ ½FX1,¨¨¨ ,Xn .½Â6.2. eξ �k��½���/�0(n ��þ), K¡ξ ǑlÑ.. (5: ��=�X,Y Ñ´lÑ..)
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 ½Â6.3. e�3ppx1, ¨ ¨ ¨ , xnq ��é?¿n �Ý/ D Ñk
P pξ P Dq “

ż

¨ ¨ ¨
ż

D

ppx1, ¨ ¨ ¨ , xnqdx1 ¨ ¨ ¨ dxn,K¡ξ ǑëY.�Å�þ, ¡ppx1, ¨ ¨ ¨ , xnq Ǒξ �éÜ�Ý,ǑPǑpX1,¨¨¨ ,Xn . (5: ‹‹ é���D Ñ¤á.)½Â6.4. é?¿1 ď k ă n, 1 ď i1 ă ¨ ¨ ¨ ă ik ď n, K¡pXi1 , ¨ ¨ ¨ ,Xikq Ǒξ �(��k �)>Æ, Ù©Ù�¡Ǒξ �>Æ©Ù.
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~6.1 (õ�©Ù). �U1, ¨ ¨ ¨ , Un �pÕá, ÑÑlXe©Ù:

P pUi “ kq “ pk, k “ 1, ¨ ¨ ¨ , t,Ù¥t ě 2, pk ą 0, @k �p1 ` ¨ ¨ ¨ ` pt “ 1.�µ�.: n gÕá­EÁ�(Ý��qt ¡Æf). P
Xk “ |t1 ď i ď n : Ui “ ku| “

n
ř

i“1

1tUi“ku.

ξ “ pX1, ¨ ¨ ¨ ,Xtq �éÜ©Ù�:

P pξ “ pi1, ¨ ¨ ¨ , itqq “ n!

i1! ¨ ¨ ¨ it!
pi1
1

¨ ¨ ¨ pitt .ÏǑXt “ n ´ řt´1

s“1
Xs, ¤±ξ �pX1, ¨ ¨ ¨ ,Xt´1q �d.?¿>ÆÑÑlõ�©Ù.~, pX1,X2q Ñln�©Ù; AO/, Xk Ñl��©Ù:eUi “ k, K-Vi “ 1; eUi ‰ k, K-Vi “ 0.5VÇÚOA6Ç���¡ ��ö: ÙE
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 ½Â6.5. eé?¿ai ă bi, i “ 1, ¨ ¨ ¨ , n Ñk
P pa1 ă X1 ă b1, ¨ ¨ ¨ , an ă Xn ă bnq

“P pa1 ă X1 ă b1q ¨ ¨ ¨P pan ă Xn ă bnq,K¡X1, ¨ ¨ ¨ ,Xn �pÕá.eX1, ¨ ¨ ¨ ,Xn �pÕá, �FXi
“ FX1

, i “ 2, ¨ ¨ ¨ , n, K¡X1, ¨ ¨ ¨ ,Xn ÕáÓ©Ù.e�pÕá, Kþª¥�ai ă Xi ă bi �±UǑXi P Bi.
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�pÕá�¿�^��¿©^�:

FX1,¨¨¨ ,Xnpx1, ¨ ¨ ¨ , xnq“ FX1
px1q ¨ ¨ ¨FXnpxnq“ f1px1q ¨ ¨ ¨ fnpxnq.lÑ.:

P
´

X1 “ x
p1q
i1

, ¨ ¨ ¨ ,Xn “ x
pnq
in

¯

“P
´

X1 “ x
p1q
i1

¯

¨ ¨ ¨P
´

Xn “ x
pnq
in

¯

“ p
p1q
i1

¨ ¨ ¨ ppnq
in

.ëY.(½n6.1):

pX1,¨¨¨ ,Xnpx1, ¨ ¨ ¨ , xnq“ pX1
px1q ¨ ¨ ¨ pXnpxnq“ p1px1q ¨ ¨ ¨ pnpxnq.eXi �Xj �pÕá, @i ‰ j, K¡X1, ¨ ¨ ¨ ,Xn üüÕá.~. `!¯
�Þ}
Ù. `ÑX, ¯ÑY , (ÛǑZ.KX, Y , Z üüÕá, �Ø�pÕá.5VÇÚOA6Ç���¡ ��ö: ÙE
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2. n ��Å�þξ “ pX1, ¨ ¨ ¨ , Xnq �êiAÆ½Â6.6. ¡pEX1, ¨ ¨ ¨ , EXnq Ǒξ �Ï", PǑEξ.½Â6.7. Pσij “ covpXi,Xjq, ρij “ σij?
σiiσjj

.¡Σ “ pσijqnˆn, R “ pρijqnˆn Ǒξ �Æ��
, �'Xê
.½Â6.8. n ���©Ù. b�ξ kXe�éÜ�Ý, K¡ξ Ñln ���©Ù, PǑξ „ Np~µ,Σq.

pp~xq “ 1?
2π

na

|Σ|
exp

"

´1

2
p~x ´ ~µqΣ´1p~x ´ ~µqT

*

.

n “ 1 �n “ 2 �A~®0�.

Np~µ,Σq �êiAÆ: µi “ EXi, σij “ covpXi,Xjq.
X1, ¨ ¨ ¨ ,Xn �pÕá��=�σij “ 0, @i ‰ j.>Æ©Ù, ^�©ÙÑ´��.5VÇÚOA6Ç���¡ ��ö: ÙE
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3. n ��ÅCþ�¼êY “ fpX1, ¨ ¨ ¨ , Xnq

½n6.2 (©Ù¼ê{):

FY pyq “ P pfpξq ď yq “
ż

¨ ¨ ¨
ż

fpx1,¨¨¨ ,xnqďy

ppx1, ¨ ¨ ¨ , xnqdx1 ¨ ¨ ¨ dxn.½n6.3.

EY “
ż

¨ ¨ ¨
ż

fpx1, ¨ ¨ ¨ , xnqppx1, ¨ ¨ ¨ , xnqdx1 ¨ ¨ ¨ dxn.
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~6.3, 6.4, ½Â6.9. eX �Y Õá, X „ Γpr, λq, Y „ Γps, λq. K
X ` Y „ Γpr ` s, λq.�Ý:

pXpxq “ λr

Γprqx
r´1e´λx, x ą 0.

Z “ X ` Y : pZpzq “
ş

pXpxqpY pz ´ xqdx. @z ą 0,

pZpzq “ C

ż z

0

xr´1e´λx ¨ pz ´ xqs´1e´λpz´xqdx

“Ce´λz

ż

1

0

ptzqr´1
`

p1 ´ tqz
˘s´1

dptzq “ Ĉzr`s´1e´λz.5VÇÚOA6Ç���¡ ��ö: ÙE
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b�X1, ¨ ¨ ¨ ,Xn ÕáÓ©Ù, ÑÑlNp0, 1q.d~2.5.2. X2
i „ Γp1

2
, 1
2
q.u´, Sn :“ X2

1
` ¨ ¨ ¨ ` X2

n „ Γpn
2
, 1
2

q, �ÝǑ
pnpxq “ 1

2n{2Γpn
2

qx
n{2´1e´x{2, x ą 0.¡ǑgdÝǑn �k�©Ù, PǑχ2pnq.b�Y1, ¨ ¨ ¨ , Yn ÕáÓ©Ù, ÑÑlExppλq “ Γp1, λq.u´, Tn :“ Y1 ` ¨ ¨ ¨ ` Yn „ Γpn, λq.d~4.5. X2

1
` X2

2
„ Expp1

2
q �2λY1 „ Expp1

2
q�2λTn „ χ2p2nq.5VÇÚOA6Ç���¡ ��ö: ÙE
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~6.6. N ��¬¥kD �g¬. �ÅÄn �, �¹X �g¬.�EX �varpXq. (Ù¥, N ě n ě 2).�Åê8�©): X “ X1 ` ¨ ¨ ¨ ` Xn, Ù¥
Xi “

#

1, e1i �´g¬;

0, e1i �´Ü�¬.dÏ"��5!Ëã|©Ù�Ï",

EX “
n

ÿ

i“1

EXi “
n

ÿ

i“1

P p1i �´g¬q “ n
D

N
.
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varpXq “ EX2 ´ pEXq2. �âé¡5,

EX2 “
n

ÿ

i“1

EX2
i `

ÿ

i‰j

EXiXj “ nEX2
1 ` npn ´ 1qEX1X2,d�{úª,

EX1X2 “ P p
ü�Ñ´g¬q “ D

N
¨ D ´ 1

N ´ 1
.Ïd,

varpXq “n
D

N
` npn ´ 1qD

N
¨ D ´ 1

N ´ 1
´

ˆ

n
D

N

˙2

“npN ´ nqDpN ´ Dq
N2pN ´ 1q .5VÇÚOA6Ç���¡ ��ö: ÙE
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4. n ��ÅCþ�õ�¼ê
½n6.4. �ξ “ pX1, ¨ ¨ ¨ ,Xnq ǑëY.,

f : A Ñ G, px1, ¨ ¨ ¨ , xnq ÞÑ py1, ¨ ¨ ¨ , ynq�é�, C1 �J “ Bpy1,¨¨¨ ,ynq
Bpx1,¨¨¨ ,xnq ‰ 0. Kη “ pY1, ¨ ¨ ¨ , Ynq ´ëY., �

pηpy1, ¨ ¨ ¨ , ynq “ pξpx1, ¨ ¨ ¨ , xnq|J´1|, py1, ¨ ¨ ¨ , ynq P G.
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 ½n6.5. �ξ “ pX1, ¨ ¨ ¨ ,Xnq �Æ��
ǑΣ,

Yi “ řn
j“1

aijXj , j “ 1, ¨ ¨ ¨ ,m. PA “ paijqmˆn,Kη “ pY1, ¨ ¨ ¨ , Ymq �Æ��
ǑAΣA
T .½n6.6. ?�Ú, eξ „ Np~µ,Σq, Kη „ Np~µAT ,AΣA

T q.�X1, ¨ ¨ ¨ ,Xn ÕáÓ©Ù, ò§�l���ü�:

Xp1q ď Xp2q ď ¨ ¨ ¨ ď Xpnq,¡Xpkq Ǒ1k �^SÚOþ.
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~6.7. �X1, ¨ ¨ ¨ ,Xn ÕáÓ©Ù, ÑÑlUp0, 1q.�EXpkq �varpXpkqq.�{�!@0 ă x ă 1,

P pXpkq ď xq “
n

ÿ

i“k

n!

i!pn ´ iq!x
ip1 ´ xqn´i.

k ď i ď n ´ 1, ‹‹1

“ n!

i!pn ´ iq!
`

ixi´1p1 ´ xqn´i ´ xipn ´ iqp1 ´ xqn´i´1
˘

“ n!

pi ´ 1q!pn ´ iq!x
i´1p1 ´ xqn´i ´ n!

i!pn ´ i ´ 1q!x
ip1 ´ xqn´i´1

“ai´1 ´ ai,

i “ n �, pxnq1 “ an´1, u´, @0 ă x ă 1,

pXpkq
pxq “

n´1
ÿ

i“k

pai´1 ´ aiq ` nxn´1 “ ak´1.5VÇÚOA6Ç���¡ ��ö: ÙE
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®kqkpxq :“ pXpkq
pxq “ n!

pk´1q!pn´kq!x
k´1p1 ´ xqn´k.

@ℓ,m ě 1,

ż

1

0

xℓp1 ´ xqmdx “ 1

ℓ ` 1

ż

1

0

p1 ´ xqmdxℓ`1

“ ´ 1

ℓ ` 1

ż

1

0

xℓ`1dp1 ´ xqm “ m

ℓ ` 1

ż

1

0

xℓ`1p1 ´ xqm´1dx

“ ¨ ¨ ¨ “ m!

pℓ ` 1q ¨ ¨ ¨ pℓ ` mq

ż

1

0

xℓ`mdx “ ℓ!m!

pℓ ` m ` 1q! .Ï": �ℓ “ k, m “ n ´ k, �
EXpkq “

ż

1

0

xqkpxqdx “ n!

pk ´ 1q!pn ´ kq!

ż

1

0

xkp1 ´ xqn´kdx

“ n!

pk ´ 1q!pn ´ kq! ¨ k!pn ´ kq!
pn ` 1q! “ k

n ` 1
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®kqkpxq :“ pXpkq
pxq “ n!

pk´1q!pn´kq!x
k´1p1 ´ xqn´k.

ş

1

0
xℓp1 ´ xqmdx “ ℓ!m!

pℓ`m`1q! .��Ý: �ℓ “ k ` 1, m “ n ´ k,

EX2

pkq “
ż

1

0

x2qkpxqdx “ n!

pk ´ 1q!pn ´ kq!

ż

1

0

xk`1p1 ´ xqn´kdx

“ n!

pk ´ 1q!pn ´ kq! ¨ pk ` 1q!pn ´ kq!
pn ` 2q! “ kpk ` 1q

pn ` 1qpn ` 2q .��:

varpXpkqq “EX2

pkq ´
`

EXpkq
˘2 “ kpk ` 1q

pn ` 1qpn ` 2q ´ k2

pn ` 1q2

“k2pn ` 1q ` kpn ` 1q ´ k2pn ` 2q
pn ` 1q2pn ` 2q “ kpn ` 1 ´ kq

pn ` 1q2pn ` 2q .5VÇÚOA6Ç���¡ ��ö: ÙE
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�{�!P
Y1 “ Xp1q, Yk “ Xpkq´Xpk´1q, p2 ď k ď nq, Yn`1 “ 1´Xpnq.Ø\y²/�ÉXeé¡5˚:é?¿1, ¨ ¨ ¨ , n ` 1 ��üi1, ¨ ¨ ¨ , in`1, Ñk

pY1, ¨ ¨ ¨ , Yn`1q � pYi1 , ¨ ¨ ¨ , Yin`1
q Ó©Ù.Ï": 5¿�S :“ Y1 ` ¨ ¨ ¨ ` Yn`1 “ 1, �

1 “ ES “ pn ` 1qEYk ñ EYk “ 1

n ` 1
.

Xpkq “ Y1 ` ¨ ¨ ¨ ` Yk, �
EXpkq “ k

n ` 1
.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

Yk ���: Pσ2 :“ varpYkq “ varpYn`1q “ varpXpnqq.

Fnpxq :“P pXpnq ď xq “ xn ñ qnpxq “ nxn´1, 0 ă x ă 1

ñ σ2 “
ż

1

0

nxn`1dx ´
ˆ

ż

1

0

nxndx

˙2

“ n

n ` 2
´ n2

pn ` 1q2 “ n

pn ` 1q2pn ` 2q .Æ��: 5¿�S :“ Y1 ` ¨ ¨ ¨ ` Yn`1 “ 1, �varpSq “ 0.Pσ12 “ covpY1, Y2q.

varpSq “ pn`1qσ2`pn`1qnσ12 ñ σ12 “ ´ 1

pn ` 1q2pn ` 2q .

Xpkq ���:

varpXkq “ kσ2 ` kpk ´ 1qσ12 “ kpn ` 1 ´ kq
pn ` 1q2pn ` 2q .5VÇÚOA6Ç���¡ ��ö: ÙE
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