
 

1.�Å�þ¼ê�©Ù
§3.4 ü��ÅCþ�¼ê�ξ “ pX,Y q kéÜ�Ýppx, yq, �Z “ fpX,Y q ��Ý.©Ù¼ê{: 1�Ú, ^ppx, yq L�FZ ,

FZpzq “ P pfpX,Y q ď zq “
ĳ

tpx,yq:fpx,yqďzu

ppx, yqdxdy.1�Ú, ò‹‹ zǑXeÈ©,

‹‹ “
ż z

´8
ppuqdu.(Ø: pZpzq “ ppzq.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

~7.3. b�X �Y �pÕá, X „ Ppλ1q, Y „ Ppλ2q.-Z “ X `Y . �: Z �©Ù; 3Z “ n �^�e, X �^�©Ù.

Z „ Ppλ1 ` λ2q: @n ě 0, P pZ “ nq

“
n

ÿ

k“0

P pX “ k, Y “ n ´ kq “
n

ÿ

k“0

λk
1

k!
e´λ1

λn´k
2

pn ´ kq!e
´λ2

“ 1

n!

˜

n
ÿ

k“0

Ck
nλ

k
1λ

n´k
2

¸

e´pλ1`λ2q “ pλ1 ` λ2qn
n!

e´pλ1`λ2q.

n “ 0 �, P pX “ 0|Z “ 0q “ 1.

n ą 0 �, Pp “ λ1

λ1`λ2
, q “ 1 ´ p. K, k “ 0, 1, ¨ ¨ ¨ n,

P pX “ k|Z “ nq “ Ck
nλ

k
1λ

n´k
2

pλ1 ` λ2qn “ Ck
np

kqn´k,^�©Ù´��©Ù.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

~7.4. b�X �Y �pÕá, X „ Bpn1, pq, Y „ Bpn2, pq,
0 ă p ă 1. -Z “ X ` Y . �: Z �©Ù; 3Z “ n �^�e, X�^�©Ù.

n “ 0, 1 ¨ ¨ ¨ , n1 ` n2. Pq “ 1 ´ p, KP pZ “ nq

“
n

ÿ

k“0

P pX “ k, Y “ n ´ kq “
n

ÿ

k“0

Ck
n1
Cn´k
n2

pk`n´kqn1´k`n2´pn´kq

“
n

ÿ

k“0

Ck
n1
Cn´k
n2

pnqn1`n2´n “ Cn
n1`n2

pnqn1`n2´n.

n “ 0 �, P pX “ 0|Z “ 0q “ 1.

n ą 0 �, k “ 0, 1, ¨ ¨ ¨ n,

P pX “ k|Z “ nq “Ck
n1
Cn´k
n2

Cn
n1`n2

,^�©Ù´�AÛ©Ù.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

½n4.1. �ξ “ pX,Y q kéÜ�Ýppx, yq, Z “ X ` Y . K
pZpzq “

ż 8

´8
ppx, z ´ xqdx.y: 1�Ú,

FZpzq “ P pX ` Y ď zq “
ĳ

x`yďz

ppx, yqdxdy.1�Ú,

‹ “
ż 8

´8

ˆ
ż z´x

´8
ppx, yqdy

˙

dx “
ż z

´8

ż 8

´8
ppx, u ´ xqdxduíØ(X4.1): eX, Y �pÕá, ©Ok�ÝpX , pY ,KZ “ X ` Y ´ëY., �

pZpzq “
ż 8

´8
pXpxqpY pz ´ xqdx “

ż 8

´8
pXpz ´ yqpY pyqdy.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

~4.1 & 4.2. �pX,Y q Ñl����©Ù, éÜ�Ýppx, yq Ǒ
ppx, yq “ Ĉ exp

"

´u2 ´ 2ρuv ` v2

2p1 ´ ρ2q

*

,

ˆ

u “ x ´ µ1

σ1
, v “ y ´ µ2

σ2

˙

,Ù¥, Ĉ “ 1

2πσ1σ2

?
1´ρ2

. �Z “ X ` Y ��Ý.

pZpzq “
ş8

´8 ppx, z ´ xqdx. �y �z ´ x �,

v “y ´ µ2

σ2
“ z ´ pµ1 ` σ1uq ´ µ2

σ2
“ C ´ σ1

σ2
u,Ù¥, C “ pz ´ µ1 ´ µ2q{σ2.d�, u2 ´ 2ρuv ` v2

“u2 ´ 2ρu

ˆ

C ´ σ1u

σ2

˙

`
ˆ

C ´ σ1u

σ2

˙2

“
˜

1 ` 2ρ
σ1

σ2
`

ˆ

σ1

σ2

˙2
¸

u2 ´ 2

ˆ

ρ ` σ1

σ2

˙

Cu ` C2.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

8I: O�pZpzq “
ş8

´8 ppx, z ´ xqdx. ®k:

ppx, z ´ xq “ Ĉ

"

´Au2 ´ 2Bu ` C2

2p1 ´ ρ2q

*

, Ù¥, u “ x ´ µ1

σ1
,

A “ 1`2ρ
σ1

σ2
`

ˆ

σ1

σ2

˙2

, B “
ˆ

ρ ` σ1

σ2

˙

C, C “ z ´ pµ1 ` µ2q
σ2

.��:

Au2 ´ 2Bu ` C2 “ A

ˆ

u ´ B

A

˙2

´
ˆ

B2

A
´ C2

˙

.u´, pZpzq

“Ĉ exp

#

B2

A
´ C2

2p1 ´ ρ2q

+

ˆ
ż 8

´8
exp

#

´A
`

u ´ B
A

˘2

2p1 ´ ρ2q

+

σ1du

“C̃ exp

"

B2 ´ AC2

2p1 ´ ρ2qA

*

. C̃ “ Ĉσ1

c

2π
1 ´ ρ2

A
“ 1

a

2πσ2
2
A
.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

®k: pZpzq “ C̃ exp
!

B2´AC2

2p1´ρ2qA

)

, Ù¥C̃ ´~ê,

A “ 1`2ρ
σ1

σ2
`

ˆ

σ1

σ2

˙2

, B “
ˆ

ρ ` σ1

σ2

˙

C, C “ z ´ pµ1 ` µ2q
σ2

.

B2 ´ AC2

“
˜

ˆ

ρ ` σ1

σ2

˙2

´ A

¸

C2 “
`

ρ2 ´ 1
˘pz ´ pµ1 ` µ2qq2

σ2
2

.Ïd,

pZpzq “C̃ exp

#

´pz ´ µq2
2σ2

+

“ 1?
2πσ

exp

#

´pz ´ µq2
2σ2

+

.Ù¥, µ “ µ1 ` µ2, σ
2 “ σ2

2
A “ σ2

1
` σ2

2
`2ρσ1σ2.AO/, eρ “ 0 (=X, Y �pÕá), K

X ` Y „ Npµ1 ` µ2, σ
2
1 ` σ2

2q.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

½n4.2. �pX,Y q kéÜ�Ýppx, yq.-Z “ X{Y (�Y “ 0 �, 5½Z “ 0). KZ ǑëY., �
pZpzq “

ż 8

´8
|y|ppzy, yqdy.y²: 1�Ú, x

y
ď z ��=�/y ą 0 �x ď yz0½ö/y ă 0 �x ě yz.0u´,

FZpzq “ P pY ą 0,X ď Y zq ` P pY ă 0,X ě Y zq.

P pY ą 0,X ď Y zq

“
ż 8

0

ż yz

´8
ppx, yqdxdy “

ż 8

0

ż z

´8
ppyu, yqydudy

“
ż z

´8

ˆ
ż 8

0

yppyu, yqdy
˙

du.aq?n‹‹, =�.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

~4.4. X,Y �pÕá, ÑÑlNp0, 1q. �Z “ X{Y ��Ý.éÜ�Ý:

ppx, yq “ 1

2π
exp

"

´x2 ` y2

2

*

.Ïd,

pZpzq “
ż 8

´8
|y|ppzy, yqdy “

ż 8

´8
|y| 1

2π
exp

"

´pzyq2 ` y2

2

*

dy

“ 2

2π

ż 8

0

y exp

"

´pz2 ` 1qy2
2

*

dy

“ 1

π

ż 8

0

e´pz2`1qudu “ 1

πpz2 ` 1q .5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

½n4.3. b�ξ “ pX,Y q ǑëY., k�Ýppx, yq.b�
η “ pU, V q, Ù¥ U “ fpX,Y q, V “ gpX,Y q.XJ(1) P pξ P Aq “ 1 �pf, gq : A Ñ G ´�é��;

(2) f , g P C1pAq, �Bpu,vq
Bpx,yq ‰ 0, @px, yq P A,�o, η ´ëY., �

pU,V pu, vq “ p
´

xpu, vq, ypu, vq
¯

ˇ

ˇ

ˇ

ˇ

Bpx, yq
Bpu, vq

ˇ

ˇ

ˇ

ˇ

, pu, vq P G.y: @D Ď G, éD˚ Ď A ��η P D iff ξ P D˚. u´,

P p‹q “ P p‹q “
ĳ

D˚

ppx, yqdxdy “
ĳ

D

‹‹dudv.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

~4.5, 4.7, & SKn!21. b�X,Y �pÕá, ÑÑlNp0, 1q.^4�IL�:

X “ R cosΘ, Y “ R sinΘ.

A “ tpx, yq : x ‰ 0, y ‰ 0u,

G “ tpr, θq : r ą 0, 0 ă θ ă 2π; θ ‰ π
2
, π, 3π

2
u.

Bpx,yq
Bpr,θq “

ˇ

ˇ

ˇ

ˇ

ˇ

cos θ ´r sin θ

sin θ r cos θ

ˇ

ˇ

ˇ

ˇ

ˇ

“ r.

pR,Θpr, θq “ 1

2π
e´ 1

2
px2`y2q|Bpx,yq

Bpr,θq |

“ 1

2π
re´ 1

2
r2 , r ą 0, 0 ă θ ă 2π; θ ‰ π

2
, π, 3π

2
.

R,Θ Õá: pR,Θpr, θq “ pRprq ¨ pΘpθq.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

W :“ R2 “ X2 ` Y 2 „ Expp1
2

q. ÏǑ, @w ą 0,

pW pwq “ pRprq dr
dw

“ r exp
!

´ r2

2

)

¨ 1

2r
“ 1

2
e´w

2 .

U :“ e´ 1

2
W „ Up0, 1q. ÏǑ, @p P p0, 1q,

P pU ď pq “ P pW ě ´2 ln pq “ e´ 1

2
p´2 ln pq “ eln p “ p.

V :“ 1

2π
Θ„ Up0, 1q, �U �V �pÕá.

R “
?

´2 lnU , Θ “ 2πV , =
X “

?
´2 lnU cosp2πV q, Y “

?
´2 lnU sinp2πV q.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

2.ü��ÅCþ�¼ê�êÆÏ"�Å�þ¼ê�Ï"(½n4.6):lÑ.:EfpX,Y q “
ÿ

i,j

fpxi, yjqP pX “ xi, Y “ yjq.ëY.:EfpX,Y q “
ż 8

´8

ż 8

´8
fpx, yqppx, yqdxdy.½n4.4. eX �Y �pÕá, KEXY “ pEXq ¨ pEY q.~, ëY.�y²:

EXY “
ż 8

´8

ż 8

´8
xypXpxqpY pyqdxdy “ pEXqpEY q.½n4.5. eX �Y �pÕá,KvarpX ` Y q “ varpXq ` varpY q.y: �“ E pX ` Y ´ pEX ` EY qq2

“ m`2EpX ´ EXqpY ´ EY q.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�


