
 

1. lÑ.�/
§3.2 ���Å�þ�éÜ©Ù�>Æ©Ù, §3.7 ^�©Ù½Â2.1 & 2.2. eξ “ pX,Y q �k��½���/�0(���þ), K¡ξ ǑlÑ..

ξ ´lÑ.��=�X,Y Ñ´lÑ..½Â2.2. �X, Y ��U�©OǑxi, yj, K¡
pij “ P pX “ xi, Y “ yjq, i, j “ 1, 2, ¨ ¨ ¨Ǒξ �éÜ©Ù(�).éÜ©Ù�÷v: pij ě 0, i, j “ 1, 2, ¨ ¨ ¨ (�K5);

ř

i,j pij “ 1 (5�5).5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

½Â2.3. �ξ “ pX,Y q, KX �©Ù¡Ǒξ 'uX �>Æ©Ù. 'uY �>Æ©Ùaq.~2.5. 0 ď ε ď 1

4
,

P pξ “ p0, 0qq “ P pξ “ p1, 1qq “ 1

4
` ε;

P pξ “ p0, 1qq “ P pξ “ p1, 0qq “ 1

4
´ ε.ok, X,Y „ Bp1, 1

2
q.

 

�½j, ò
P pX “ xi|Y “ yjq, i “ 1, 2, ¨ ¨ ¨¡Ǒ3Y “ yj �^�e, X �^�©Ù(�);

Y �^�©Ùaq. (7.3)éÜ©Ù�ô >Æ©Ù�!^�©Ù�.

 

5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

~2.2 & 2.3: k�þ®), ¹x!�!ùn«�Ú,'~©OǑp1,

p2, p3. l¥Ä�n |. �: T�Ä�k1 |x, k2 |��VÇ.�T�Ä�X |x, Y |�, =�pX,Y q “ pk1, k2q �VÇ.�±n)Ǒ�£Ä�, ëYÄ�n g.¤�¯��¹

Ck1
n Ck2

n´k1
“ n!

k1!k2!pn ´ k1 ´ k2q!�Ä�¯�, Ù¥, z���VÇÑǑ
pk1
1
pk2
2
pn´k1´k2
3

.�, @k1, k2 ě 0, k1 ` k2 ď n,

P pX “ k1, Y “ k2q “ Ck1
n Ck2

n´k1
pk1
1
pk2
2
pn´k1´k2
3

.¡ξ “ pX,Y q Ñln�©Ù.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

P pX “ k1, Y “ k2q “ Ck1
n Ck2

n´k1
pk1
1
pk2
2
pn´k1´k2
3

.

X �>Æ©Ù:

P pX “ k1q “
n´k1
ÿ

k2“0

Ck1
n Ck2

n´k1
pk1
1
pk2
2
pn´k1´k2
3

“Ck1
n pk1

1
p1 ´ p1qn´k1 .

Y �^�©Ù: �½k1,

P pY “ k2|X “ k1q “ P pX “ k1, Y “ k2q
P pX “ k1q “ ‹‹

˚˚

“ Ck2
n´k1

ˆ

p2

p2 ` p3

˙k2
ˆ

p3

p2 ` p3

˙k3

, k2 “ 0, 1, ¨ ¨ ¨ , n ´ k1.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

2. ëY.�/½Â2.4. �ξ “ pX,Y q. e�3ppx, yq ��
P pξ P Dq “

ĳ

D

ppx, yqdxdy,é?¿mÝ/ D ¤á, K¡ξ ǑëY.�Å�þ, ¡ppx, yqǑξ �éÜ�Ý(¼ê), ǑPǑpX,Y px, yq.éÜ�Ý÷v:

ppx, yq ě 0;

ĳ

R2

ppx, yqdxdy “ 1.

‹‹ é����8ÜD Ñ¤á, ~X, D ´ü ��.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

½n2.1. eξ “ pX,Y q ´ëY., KX,Y Ñ´ëY., �
pXpxq “

ż 8

´8
pX,Y px, yqdy, pY pyq “

ż 8

´8
pX,Y px, yqdx.¡pXp¨q �pY p¨q Ǒξ �>Æ�Ý.�½y, ÷vpY pyq ą 0. ¡('ux �¼ê)

pX|Y px|yq :“ ppx, yq
pY pyq , x P RǑ3Y “ y �^�e, X �^��Ý. (7.5)éÜ�Ýô >Æ�Ý!^��Ý.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

½Â2.5. b�G ´R
2 ¥¡ÈǑa �«�. e

P pξ P Aq “ A�¡È
G�¡È , @f«�A,K¡ξ ÑlG þ�þ!©Ù, PǑξ „ UpGq.éÜ�Ý: ppx, yq “ 1

a
, px, yq P G.>Æ�Ý:

pXpxq “ |G2,x|
a

, x P G1,Ù¥, G2,x :“ ty : px, yq P Gu, |G2,x| ǑÙo�Ý;

G1 “ tx : |G2,x| ą 0u.

 

^��Ý: pY |Xpy|xq “ 1

|G2,x| , y P G2,x.

pY |Xpy|xq Ò´�½x, òppx, yq ÀǑy �¼ê8�z,

pY |Xpy|xq “ 1

pXpxqppx, yq.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

~2.7. G Ǒdy “ x2 Úy “ x ¤�¤�k�«�. ξ „ UpGq.�: ξ �éÜ�Ý�>Æ�Ý.

G �¡È: a “
ş

1

0
xdx ´

ş

1

0
x2dx “ 1

6
.éÜ�Ý: ppx, yq “ 6, px, yq P G.>Æ�Ý:

pXpxq “
ş8

´8 ppx, yqdy “
şx

x2 6dy “ 6px ´ x2q, 0 ă x ă 1.

pY pyq “
ş8

´8 ppx, yqdx “
ş

?
y

y
6dx “ 6p?

y ´ yq, 0 ă y ă 1.^��Ý: �½y P p0, 1q,

pX|Y px|yq “ 1?
y´y

,
?
y ď x ď y.5: X, Y Ñ�Hp0, 1q, �ξ ØU�Hp0, 1q ˆ p0, 1q.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

½Â2.6, ~2.8 & ~7.5. eξ “ pX,Y q �éÜ�Ýppx, yq kXeL�ª, K¡ξ Ñl��(�)��©Ù.

1

2πσ1σ2
a

1 ´ ρ2
exp

"

´u2 ` v2 ´ 2ρuv

2p1 ´ ρ2q

*

,Ù¥,

u “ x ´ µ1

σ1
, v “ y ´ µ2

σ2
,k5 �ëê: µ1, µ2 P R,

σ1, σ2 ą 0,

ρ P p´1, 1q.

5VÇÚOA6Ç���¡ ��ö: ÙE
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éÜ�Ý: u “ x´µ1

σ1
, v “ y´µ2

σ2
,

1

2πσ1σ2
a

1 ´ ρ2
exp

"

´u2 ` v2 ´ 2ρuv

2p1 ´ ρ2q

*

.>Æ�Ý: X „ Npµ1, σ
2
1
q, Y „ Npµ2, σ2q2. ~X,

pXpxq “
ż 8

´8
ppx, yqdy

“
ż 8

´8

1

2πσ1
a

1 ´ ρ2
exp

"

´pv ´ 2ρuq2 ` p1 ´ ρ2qu2
2p1 ´ ρ2q

*

dv

“ 1

2πσ1
a

1 ´ ρ2
e

´ p1´ρ
2qu2

2p1´ρ2q

ż 8

´8
exp

"

´pv ´ 2ρuq2
2p1 ´ ρ2q

*

dv

“ 1

2πσ1
a

1 ´ ρ2
e´ 1

2
u2

a

2πp1 ´ ρ2q “ 1?
2πσ1

e
´ px´µ1q2

2σ2
1 .5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

éÜ�Ý: u “ x´µ1

σ1
, v “ y´µ2

σ2
,

C exp

"

´u2 ` v2 ´ 2ρuv

2p1 ´ ρ2q

*

“ 1

2πσ1σ2
a

1 ´ ρ2
exp

"

´pv ´ 2ρuq2 ` p1 ´ ρ2qu2
2p1 ´ ρ2q

*

.>Æ�Ý: pXpxq “ 1?
2πσ1

e
´ p1´ρ

2qu2

2p1´ρ2q .^��Ý:

pY |Xpy|xq “ ppx, yq
pXpxq “ 1?

2πσ2
a

1 ´ ρ2
exp

"

´pv ´ 2ρuq2
2p1 ´ ρ2q

*

.,):

pY |Xpy|xq “ 1

pXpxqppx, yq “ Ĉ exp

#

´
py´µ1

σ2
´ 2ρuq2

2p1 ´ ρ2q

+

.5VÇÚOA6Ç���¡ ��ö: ÙE
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~2.9. ξ “ pX,Y q �η “ pU, V q ©OkéÜ�Ý
ppx, yq “ 1

2π
e´x

2`y
2

2 , qpu, vq “ 2ppu, vq, uv ą 0.

ξ Ñl����©Ù, X,Y „ Np0, 1q, ρ “ 0.

η ØÑl����©Ù.�U, V „ Np0, 1q. ~X, @u ą 0,

pUpuq “
ż 8

´8
qpu, vqdv “

ż 8

0

2ppu, vqdv

“
ż 8

0

1

π
e´u

2`v
2

2 dv “ 1

π
e´u

2

2

ż 8

0

e´ v
2

2 dv

“ 1

π
e´u

2

2 ˆ 1

2

?
2π “ 1?

2π
e´u

2

2 .5: U, V Ñ´��Cþ, ØUíÑpU, V q ´�����þ.5VÇÚOA6Ç���¡ ��ö: ÙE
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3. ���/½Â2.7. ¡F px, yq “ P pX ď x, Y ď yq ǑpX,Y q �éÜ©Ù¼ê, ǑPǑFX,Y px, yq.éÜ©Ù¼ê�5�: /üN0!/5�0!mëY,

F px2, y2q ´ F px1, y2q ´ F px2, y1q ` F px1, y1q ě 0;

lim
xÑ´8

F px, yq “ lim
yÑ´8

F px, yq “ 0, lim
x,yÑ8

F px, yq “ 1.ëY.�þ:

F px, yq “
ż x

´8

ż y

´8
ppu, vqdvdu ñ ppx, yq “ B2F

BxBy px, yq.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�


