
 

§2.6 �ÅCþ�êÆÏ"Ï"(expectation)�¹Â: þ�(mean).

X ��þÕá*ÿ�(PǑa1, a2, ¨ ¨ ¨ , an) ��â²þ:

ā “ 1

n
pa1 ` ¨ ¨ ¨ ` anq.

X �¤k�U��\�²þ(oÚ).~, P pX “ xkq “ pk, k “ 1, ¨ ¨ ¨ ,m.Pnk “ tm : 1 ď m ď n, am “ xku. �o, �âVÇ�ªÇ¹Â, nk

n
« pk, u´

ā “ 1

n

K
ÿ

k“1

nk «
K
ÿ

k“1

xkpk.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

1. lÑ.�ÅCþ�Ï"½Â6.1. b�X ´lÑ., ©Ù�Ǒ
P pX “ xkq “ pk, k “ 1, ¨ ¨ ¨ , n ½ k “ 1, 2, ¨ ¨ ¨ .XJř

k |xk|pk ă 8, �o, ¡X �Ï"�3, ¡ř

k xkpkǑX �êÆÏ", PǑEX.

EX ´%.~, (1) Ëã|©Ù, P pX “ 1q “ p, P pX “ 0q “ 1 ´ p.K, EX “ p.  
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(3) Ñt©Ù.

P pX “ kq “ λk

k!
e´λ “: pk, k “ 0, 1, 2, ¨ ¨ ¨ .

@k ě 1,

xkpk “ k
λk

k!
e´λ “ λ

λk´1

pk ´ 1q!e
´λ “ λpk´1.Ïd,

EX “
8
ÿ

k“0

kpk “
8
ÿ

k“1

λpk´1 “ λ

8
ÿ

ℓ“0

pℓ “ λ.
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(2) ��©Ù.

P pX “ kq “ Ck
np

kqn´k “: bpn; kq, k “ 0, 1, ¨ ¨ ¨ , n, pq “ 1 ´ pq.

@1 ď k ď n,

k ¨ bpn; kq “k ¨ n!

k!pn ´ kq!p
kqn´k “ n!

pk ´ 1q!pn ´ kq!p
kqn´k

“ n ¨ pn ´ 1q!
pk ´ 1q!pn ´ kq!p ¨ pk´1qn´k “ np ¨ bpn ´ 1, k ´ 1q.Ïd,

EX “
n

ÿ

k“0

k ¨ bpn; kq “
n

ÿ

k“1

np ¨ bpn ´ 1; k ´ 1q

“np

n´1
ÿ

ℓ“0

bpn ´ 1, ℓq “ np.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

(7) �AÛ©Ù.

P pX “ kq “
Ck
DC

n´k
N´D

Cn
N

, k “ 0, 1, ¨ ¨ ¨ , n.PhpN,D, n; kq “ A1 ¨ A2 ¨ A3 “
D!

k!pD ´ kq! ¨ pN ´ Dq!
pn ´ kq!

`

N ´ D ´ pn ´ kq
˘

!
¨ n!pN ´ nq!

N !
.Px1 “ x ´ 1. K, @1 ď k ď n,

k ¨ A1 “ D!

pk ´ 1q!pD ´ kq! “ D ˆ D1!

k1!
`

D1 ´ k1
˘

!
.?�Ú,

A2 “ pN 1 ´ D1q!
pn1 ´ k1q!

`

N 1 ´ D1 ´ pn1 ´ k1q
˘

!
,

A3 “n ¨ n1!pN 1 ´ n1q!
N ¨ N 1!

“ n

N
ˆ n1!pN 1 ´ n1q!

N 1!
.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 Px1 “ x ´ 1. K@1 ď k ď n,

k ¨ hpN,D, n; kq “ nD

N
ˆ hpN 1,D1, n1; k1q.Ïd,

EX “
n

ÿ

k“1

k ¨ hpN,D, n; kq “ nD

N

n1
ÿ

k1“0

hpN 1,D1, n1; k1q “ nD

N
.

D “ 1 �, òzǑËã|©Ù, EX “ p “ D
N
.

D ě 2 �, Ø�£Ä�, EkEX “ np.
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(4) AÛ©Ù.

P pX “ kq “ qk´1p “: pk, k “ 1, 2, ¨ ¨ ¨ , pq “ 1 ´ pq.��O�:

EX “
8
ÿ

k“1

kpk “
8
ÿ

k“1

k
ÿ

ℓ“1

pk “
8
ÿ

ℓ“1

8
ÿ

k“ℓ

pk

“
k

ÿ

ℓ“1

p ¨ qℓ´1

1 ´ q
“

8
ÿ

m“0

qm “ 1

1 ´ q
“ 1

p
.SK�!18. eX ��K�ê, KEX “ ř

8

ℓ“1
P pX ě ℓq.y:

ř

8

k“ℓ pk “ P pX ě ℓq.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

2. ���ÅCþ�Ï"
X Ǒ?¿�ÅCþ. �XeCq: @n P Z,� nε ă X ď pn ` 1qε �, - X˚ “ nε.

 �*: X˚ ď X ă X˚ ` ε, ÏdEX˚ ď EX ă EX˚ ` ε.½Â6.2. eEX˚ �3��ε Ñ 0 �k4�, K¡X �Ï"�3, �¡T4�ǑX �Ï", PǑEX.élÑ.�ÅCþ, ½Â6.1�½Â6.2��.½n6.1. éëY.�ÅCþ, eş

8

´8
|x|ppxqdx ă 8, K

EX “
ż

8

´8

xppxqdx.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

(2) �ê©Ù.

ppxq “ λe´λx, x ą 0.

ş

8

0
x ¨ λe´λxdx “ ´

ş

8

0
xde´λx “

ş

8

0
e´λxdx “ 1

λ
.��/, eX ǑëY., �X ě 0. -

Gpxq “ P pX ą xq “
ż

8

x

ppyqdy,KG1pxq “ ´ppxq. u´,

ż

8

0

xppxqdx “
ż

8

0

xdGpxq “
ż

8

0

Gpxqdx.
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(3) ��©Ù.

ppxq “ 1?
2πσ

e
´

px´µq2

2σ2 .

X „ Np0, 1q:

EX “
ż

8

´8

x ¨ 1?
2π

e´
x2

2 dx “ 0.Ón, X „ Npµ, σ2q, Kppµ ` xq “ ppµ ´ xq, ÏdEX “ µ.~, �Ü©Ù,

ppxq “ 1

π
¨ 1

1 ` x2
.�´,

ş

8

´8
|x|ppxqdx “ 8. Ïd, EX Ø�3!5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

(4) ³ç©Ù.

ppxq “ βα

Γpαqx
α´1e´βx, x ą 0.

@x ą 0,

xppxq “ βα

Γpαqx
αe´βx “ Γpα ` 1q

βΓpαq ¨ βα`1

Γpα ` 1qx
αe´βx “ α

β
¨ p̂pxq.Ïd,

EX “
ż

8

0

xppxqdx “ α

β

ż

8

0

p̂pxqdx “ α

β
.
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3. Ï"�5�½n6.2. (1) eX ” a, KEX “ a;½n6.2. (2) eX ě 0, �EX �3, KEX ě 0;½n6.2. (3)(½, íØ6.1). eFX “ FY (½, eX “ Y ),�EX �3, KEY �3, �EX “ EY .½n6.3. (1) & (2), �5: b�EX, EY �3. K,

EpaXq “ aEX, EpX ` Y q “ EX ` EY.½n6.3. (3), üN5: b�‹‹. qeX ě Y , KEX ě EY .5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

3. Ï"�5�íØ6.2. (1) �5: b�EX, EY �3. K,

EpaX ` bY q “ aEX ` bEY.íØ6.2. (2) Ú�Ï": b�EX1, ¨ ¨ ¨ , EXn Ñ�3,

η “ X1 ` ¨ ¨ ¨ ` Xn. KEη �3, �
Eη “ EX1 ` ¨ ¨ ¨ ` EXn.~. �AÛ©Ùη „ HpN,D, nq.e1i ��¬´g¬, K-Xi “ 1; ÄK, -Xi “ 0. K,

η “ X1 ` ¨ ¨ ¨ ` Xn ñ Eη “ np.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

½n6.4. (ê��ÅØ�ª). �X ě 0, �EX �3. Ké?¿C ą 0, k
P pX ě Cq ď 1

C
EX.y: -A “ tX ě Cu. K1A ď X

C
. u´,

P pAq “ E1A ď E
X

C
“ 1

C
EX.~, eX ě 0, �EX “ 0, K

P

ˆ

X ě 1

n

˙

ď nEX “ 0

ñP pX ą 0q “ lim
nÑ8

P

ˆ

X ě 1

n

˙

“ 0.5VÇÚOA6Ç���¡ ��ö: ÙE!Ü�



 

4. �ÅCþ¼ê�Ï"½n6.5. X ´lÑ., ½ëY., �e¡�?ê½È©ýéÂñ, K
EfpXq “

ÿ

k

fpxkqpk, ½ EfpXq “
ż

8

´8

fpxqppxqdx.~6.1. �X „ Up0, 2πq, �E sinX.^úª:

E sinX “
ż

8

´8

sinx ¨ ppxqdx “ 1

2π

ż

2π

0

sinxdx “ 0.
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