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ABSTRACT

In this paper, a Bayesian Ying-Yang (BYY) harmony en-
forcing regularization (BYY-HER) algorithm is proposed
for Gaussian mixture learning with a sample dataset on both
parameter estimation and model selection, i.e., selecting an
appropriate number of Gaussians in the mixture, through a
regularization process from the BYY harmony learning to
the maximum likelihood learning. It has been demonstrated
by experiments on synthetical and real sample datasets that
our proposed BYY-HER algorithm can not only select the
correct number of actual Gaussians in a dataset, but also
obtain good parameter estimations for the parameters in the
true mixture.

Keywords: Gaussian mixture; BYY Harmony learning;
Automated model selection; Regularization; Maximum like-
lihood

1. INTRODUCTION

As a powerful tool for data clustering, Gaussian mixture
model has been extensively studied in the literature for ei-
ther data modeling or clustering analysis on a sample dataset.
Although there have been various statistical or unsupervised
competitive learning methods to do such a task, e.g. the EM
algorithm [1] for Maximum Likelihood (ML), k-means al-
gorithm [2] for the least Mean Square Error (MSE), it is
usually assumed that the number of Gaussians, or clusters,
in the dataset is pre-known. However, in many instances
this key information is not available and then the selection
of an appropriate number of Gaussians must be made before
or during the estimation of the parameters in the mixture,
which is a rather complicated and difficult task [3].

As the number k of Gaussians is just a scale of the Gaus-
sian mixture model, its determination is actually referred
to as model selection. Thus, the general Gaussian mixture
modeling is actually a compound problem of estimation and
model selection. In fact, this compound problem has been
investigated by many researchers from different directions.
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The traditional method was to choose an optimal number
of Gaussians via certain selection criterion. Among these
criteria, Akaike’s information criterion (AIC) [4] is well
known. But the validating process is computationally con-
sumptive because we need to repeat the entire parameter
learning process at a large number of possible values of k.

Recently, the Bayesian Ying-Yang (BYY) harmony learn-
ing system [5-7] has developed a new learning mechanism
that makes model selection automatically during parameter
learning. In fact, the BYY harmony learning has already
implemented on the Guassian mixture modeling for the pa-
rameter learning with automated model selection. In order
to do so, a bidirectional architecture (BI-architecture) and a
backward architecture (B-architecture ) of the BYY learn-
ing system were constructed for a finite mixture such that
the Gaussian mixture modeling can be transformed into a
BYY harmony learning problem on them. Actually, some
efficient BYY harmony learning algorithms have been al-
ready established on the BI-architecture of the BYY learn-
ing system (e.g., [8-10]). On the other hand, a direct max-
imization of the harmony function on the B-architecture of
the BYY learning system leads to a discrete optimal prob-
lem with a hard-cut EM algorithm [5], which suffers from
the difficulty of being stuck at a local maximum solution.
So, the number of Gaussians cannot be determined correctly
by the basic BYY harmony learning or hard-cut EM algo-
rithm. To overcome this difficulty, Ma and Liu already pro-
posed an annealing learning algorithm [11] for searching
the global maximum of the harmony function on this archi-
tecture from the maximum likelihood learning to the BYY
harmony learning with automated model selection. Further-
more, an entropy regularized likelihood learning algorithm
[12] proposed to solve the model selection problem for the
Gaussian mixture learning. However, it is a constant regu-
larization of the entropy of the posterior probabilities to the
likelihood function, which may lead to a deviation between
the estimate and the ML solution.

In the current paper, we propose a BYY harmony en-
forcing regularization (BYY-HER) algorithm on the Back
architecture (B-architecture) of the BYY learning system
for Gaussian mixture learning. With the regularization fac-
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tor shifting from 0 to 1, the BYY-HER algorithm turns the
BYY harmony learning into the ML learning finally. Since
the BYY harmony learning has the ability of automated
model selection and the ML estimate is consistent, the BYY-
HER algorithm will lead to a good estimate of the parame-
ters with correct model selection as the regularization pro-
ceeds properly, which is actually demonstrated by the sim-
ulation and practical experiments.

In the sequel, the BYY-HER algorithm will be derived
in Section 2. Some typical simulations and practical ex-
periment are conducted in Section 3. Finally, we conclude
briefly in Section 4.

2. BYY HARMONY ENFORCING
REGULARIZATION ALGORITHM

According to the BYY harmony theory [7,11], we can get
the following harmony function:

J(Θk) =
1
N

N∑

i=1

k∑

j=1

p(j|xi) ln[αjq(xi|mj ,Σj)], (1)

on the B-architecture with the parameters Θk = {αj ,mj ,Σj ,
p(j|x)}. By certain transformations, J(Θk) can be divided
into two parts as follows:

J(Θk) = L(Θk) − ON (p(y|x)),

where the first part is just the log-likelihood function:

L(Θk) =
1
N

N∑

i=1

ln(
k∑

j=1

αjq(xi|mj ,Σj)),

and the second part is the average Shannon entropy of the
posterior probabilities p(y|xi) per sample over the sample
set S = {xi}N

i=1 (generated from a Gaussian mixture):

ON (p(y|x)) = − 1
N

N∑

i=1

k∑

j=1

p(j|xi) ln p(j|xi).

That is, L(Θk) = J(Θk) + ON (p(y|x)).
With this decomposition, we can consider this average

Shannon entropy as the regularization term to the BYY har-
mony function. Moreover, a parameter λ(≥ 0) can be in-
troduced to dominate the intensity of the regularization. In
this way, we construct the following objective function:

Lλ(Θk) = J(Θk) + λON (p(y|x)), (2)

where λ is the regularization factor. When λ = 0, Lλ(Θk) =
J(Θk). This is just the BYY harmony function on the B-
architecture. Maximizing J(Θk) with respect to p(j|xi)
leads to a WTA or hard-cut version [5]. In general, the

maximization of J(Θk) leads to the automated model se-
lection, i.e., automatic detection of the number k∗ of actual
Gaussians in the sample data set S, as long as k is initially
selected to be greater than k∗. On the other hand, when
λ = 1, Lλ(Θk) is just the log-likelihood function. So, max-
imizing Lλ(Θk) becomes the well-known maximum likeli-
hood learning which leads to a good estimation of the pa-
rameters. If we let λ → 1 from λ0 = 0 appropriately, the
maximization of Lλ(Θk) can make model selection auto-
matically at the previous learning stage and converges to a
good parameter estimation at the final learning stage.

Maximizing Lλ(Θk) by alternative optimization tech-
nique (refer to [11]), we can construct the BYY-HER algo-
rithm as follows:

[The BYY-HER algorithm]
Step 1: Initialize λ = λ0 (a very small constant);
Step 2: Set t = 0, and the initial value of k(> k∗) and Θ(0)

k ;
Step 3: At t time with λ(t), iterate the following λ-EM al-
gorithm until convergence:

p+(j|xi) =
[αjq(xi|mj ,Σj)]1/λ(t)

∑k
j=1[αjq(xi|mj ,Σj)]1/λ(t)

;

α+
j =

1
N

N∑

i=1

p+(j|xi);

m+
j =

1
∑N

i=1 p+(j|xi)

N∑

i=1

p+(j|xi)xi;

Σ+
j =

1
∑N

i=1 p+(j|xi)
×

N∑

i=1

p+(j|xi)(xi − m+
j )(xi − m+

j )T .

Step 4: Let t = t + 1 , and increase λ according to certain
rule (refer to the experiments for detail);
Step 5: If λ < 1− ε (ε is a very small positive constant), go
to step 3; otherwise terminate.

Unlike the BYY annealing learning algorithm [11] in
which λ attenuates along time, the regularization is finally
enhanced in our BYY-HER algorithm. With λ → 1 from 0,
we can get both the correct model selection and the maxi-
mum likelihood estimate of the parameters in the Gaussian
mixture from the BYY-HER learning. Ueda and Nakano al-
ready proposed a deterministic annealing EM (DAEM) al-
gorithm [13] for the maximum likelihood estimation prob-
lem. Actually, the annealing parameter β in the DAEM al-
gorithm serves as 1/λ in our BYY-HER algorithm. How-
ever, unlike our λ, the DAEM algorithm makes 1/β gradu-
ally tend to 1 from +∞ (i.e., β from 0 to 1) so that it can
search for the global maximum of the likelihood function
to overcome the local maxima problem associated with the
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Fig. 1. The first sample dataset S1.

conventional EM algorithm at the setting k = k∗. There-
fore, the DAEM algorithm leads to a good maximum likeli-
hood estimate, but it has no ability to make model selection
for the Gaussian mixture.

3. EXPERIMENTAL RESULTS

In this section, two experiments are carried out to demon-
strate the performance of the BYY-HER algorithm for au-
tomated model selection as well as parameter estimation on
the set of sample data randomly generated from a Gaussian
mixture with certain degree of overlap. Moreover, the BYY-
HER algorithm is applied to classification of the Iris data.

3.1. On synthetic datasets

As shown in Figs 1 & 2, two synthetic datasets of Gaussian
mixture are used in our experiments. They consist of four
ellipse-shaped Gaussians or clusters with different numbers
of samples. The initial value of λ is near 0. Experientially,
it is 1e − 100. As for the increasing procedure of λ, we
set λ = 1/[1 + exp(−(t−b)

a )], where a can be selected in
[1.8, 2.2], while b can be chosen according the complexity
of the problem. In our experiment, it is reasonable to set
it by 100 ∼ 200. t is the number of updates for λ, being
initialized by 0 and increased by 1 at each time. Moreover,
as the BYY-HER algorithm shifting to the ML learning, we
can eliminate the Gaussian whose mixing proportion αj is
less than 0.08 so that the model selection can be made auto-
matically during the regularization process.

Before running the BYY-HER algorithm, we can imple-
ment the RPCL algorithm [14] on the sample datset to get
a set of reasonable initial values for the mean vectors. In
this way, the BYY-HER algorithm rarely converges to a lo-
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Fig. 2. The second sample dataset S2.
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Fig. 3. The experimental result on S1.

−10 −8 −6 −4 −2 0 2 4 6 8 10
−10

−8

−6

−4

−2

0

2

4

6

8

10

0.335(−2.41,−2.49)

0.168(−2.42,2.8)
0.334(2.4,2.49)

0.163(2.64,−2.74)

Fig. 4. The experimental result on S2.

1666

Authorized licensed use limited to: Peking University. Downloaded on April 8, 2009 at 04:39 from IEEE Xplore.  Restrictions apply.



cal maximum solution. The experiment results on the two
synthetic datasets in the case of k = 8 are shown in Figs
3 & 4, respectively. It can be observed that four estimated
Gaussians can match the actual ones in each dataset accu-
rately, with the extra Gaussians being canceled automati-
cally. Moreover, it can be further found that the estimations
of the parameters are as good as the ML estimators.

3.2. On the Iris data

We further apply the BYY-HER algorithm to the classifi-
cation of the Iris data (from http://archive.ics.uci.edu/ml/).
This dataset consists of 150 samples of three classes which
are Versicolor, Iris Virginica and Iris Setosa. Each class con-
tains 50 samples and each sample or datum is 4-dimensional
with measures of the plants morphology. Because the BYY-
HER algorithm is in an unsupervised learning mode, we ig-
nore the indexes of these samples. As the learning process
has been accomplished, each sample is classified according
to its maximum posterior probability p(j|xt).

By setting k = 6 , a = 2.0 and b = 200, λ0 = 1e−200,
we implement the BYY-HER algorithm on the Iris data set
with 0.01 ≤ λ ≤ 0.99, and t being increased by 0.1 at each
time. It has been found by the experiments that the BYY-
HER algorithm can detect the three actual categories and
the average accuracy is 96.7% (five samples in the second
class were misclassified).

4. CONCLUSIONS

We have proposed the BYY harmony enforcing regulariza-
tion (BYY-HER) algorithm on Gaussian mixture for both
model selection and parameter estimation. The BYY-HER
algorithm implements strongly the BYY harmony learning
for automated model selection at the previous learning stage
and gradually transforms to the maximum likelihood (ML)
learning for good estimation of the parameters at the final
learning stage. It is demonstrated by the simulation and
practical experiments that the BYY-HER algorithm can de-
tect the number of actual Gaussians in the sample dataset
and obtain accurate estimation of the parameters in the Gaus-
sian mixture.
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