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OrdinarydifferenlialEquatronsCODEJ.amODE :

x.G) = f- ( XA) ) Xo)=XoElRd '

• I = d¥ time derivative .

• f : Rda Rd vector field .

• Xo is the initial condition
• f- independent of t ⇒ trmehomogeneous

• Time- inhomogeneous ODE

X. G) = Act , at) ) XD) =XoERd '

f : COITTX Rd -7 Rd .

• Transformation to tenrehomogeueaes case .

Define x.Oct) - I ,
Xoco) - O ⇒ Xoct) at
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Exaurplesfctix ) = ax Cd=D

x. Ctl = a xct) ⇒ xct ) ⇒ eat Xo
f-Hix) = Ax cetera)

x.Cfl = AXH) ⇒ Htt = eat Xo .

E eats ?
Integral form .

X.HI = fft, THI ), XK) = Xo → tr XHI differentiable

to f
× a ×, + got ffs , yes, Ids . → trait is absolutely

continuous .

X = XP) t got g Is
.



Theoremkpicard-tinde.it#

Let f be continuous in t and uniformly Lipschitz in x , i - e .

I C yo sit .

Htt, - It, X
'

) II s C Hx-x'll tf x x
'

fRd
f t c- COTT

Then I a unique solution to

XG) = Xcotfoffs, xD Is .

I 2×2 .

{
. x. a X'S ' Moko '



Flowthap

x.Cf) = fcxctl ) , X = Xo . (tire - homogeneous)

Define the flow maps { Clt : Rd-7 IRD I too, TT } .
llfcxo) = Xlt)Ipd- sped .
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Exempted

① KAI ' axes ⇒ XH, = EQTXCD .

4th) = eatx .

② x.Hla -XCH
'

X exo -

- ¥, = I ⇒ ¥, = ft C .

XoXCH = ¥ = ¥a
.

=

Ft .

At =X(t Xt .



Dependenceonfnitialconditi.si:0#:*iieF:÷:
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theorem AND

Let t be C
'
and Lipschitz in X uniformly in t .

Let
x.G) = f- Ct ,xH) ) ,

XLOKXO
and Evenly solve -

VH1 = TxtChitti) VH1 i VCD -_Vo ←Rd .

Then
(Variational equation)

Ling, //UtCxotEM-9 - ray = o -

E

uniformly in tc-CO.TT and Noll S l



Corollary ipdxd .

Jlt) is Rift (Xo ) (fixed Xo)

Then
Ict) = rxxfftixlti) Jlt) 8107 - I .

" Proof "

KAK Act, XHD
= Gdatcetcxo) - f-Hilt

Jax . .

af (Jet) = fxfctiltfx.D.7x.ttHD

⇒ JAI = If XHDJHI . JAI '-I
'

.

' Roko) a-Xo



Example

① x' = Ax ⇒ 4th) =eAtx
£¥×z=Ax FxHx%=eAt° Cinder of xD

D= AJ , J 'I ⇒ SHE eat .

② XI - x2 Of = Xlttx .



NUmericalfolutionof-ODES.cn
a Act, Xlt) i 41072110

Ato . I

re

MH ar Eck)
.

"t?

•

E

Forward Euler Method .

Atto .
05

XCkyI⇒k7= ffkat , Ilk) ) XO#o
.

⇒ Eckel) = ICH t ITFCKAT, FCK) )

convergence s cat .

HEY HICK) - XCKATIH → o as at → o .

K ⇐Flat )



Calculus of Variations and Optimal control

Finite dimensional optimization

mxin x) RHRd-I IR .

Infinite dimensional optimization

main JEET J : X → IR (functional).

I = f Xiu) : as us by X- C (Ca , 531127

✓
X'GI E IX

JE ET = fab LCU, XIU) , x' cu) ) du
d" "

"

L Lagrangian .



Examine (Brachistochrone)

17in
'

"is"÷÷-Xiu - - As i Cycloid .

×

xcaiao . •?
-

"

'

'

"
i
.

Hbk ? µ '

Define speed at u : Slu)
'

i
.

-
.

-
-

height at Ui - Xiu?

Energy conservation : ImsCup = mgxcu)

⇒ Slu) =T
-

2g XIU,

arc length = Jit x' cuss ¥

time = fabIdu .

Hui Xin , x' cud
u -

-



Euer-LagrangeE9Uati#
weak .

Let E C- dealbHR) be an extremism of J .
Then

2x LCU , xcul , x' cul) = data (2×1 LCU ,Xiu),x' ful ))

weakussthmg-Minimum.toat minimum '
. I 820 Set . JAE JE JEET

for all HE -** HGS
-

what norm ?

Minimum if

£
• Strong AE -I Ho =u÷Pg, IX

*
cul - Hull

• Weak minimum if HE'- Elli = HEI-Ello tuff
,
Pg, IX.

'

cul - Must
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weak min ⇒ IEDS JEEZ]

Strong men ⇒ JETS JIT, TIED

Exampled

Jets =L! JCx' lui - 1)
' du .

XC-17=0 , XCI ) = I
.

x
thx" SGT .

I -

#
I
'

I J - O .
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ExampleCBrachistochmeconh.nu#

(
xiu,

XCUI → xcts.ua,

Speed : SCU) = dietitian

Ensor = mgxcu, ⇒ 2gxctl-xctl2-u.GR .

Deane controls( a:÷ii÷÷ on" i¥.
] 2+02412 = I

⇒ { ¥47, :8¥F±÷, aurea.ie '



( Ufo),XHoD= Caso) (UH, ) , Xan ) - ( b, ? )
t
,

-

JEE ,
I =) It = ti - to .

to

why generalization ?



Optirnalcontrolfhrblem ←state control
Dynamics : x. Ct) =fCt, XIH, Oct) ) e tfCto it , ] , Xlt. ) ' Xo

for each t , Oct) E C IRP e Q is closed .

• Act , x. O) is continuous in t , O , Ax

• fit, XO) is continuously differentiable in X fetid .

NII ass•umedf is differentiable wot O ' X
• ft Oct) is regular .

Cost functional

Es - ft' Nt, NH , Ddt t CXCTD)
- -

running cost terminal cost

↳ cnet.INRdx → IR
. / I ? IRD -7 IR .



Bolzaprob.LI /
¥nf JEE] subject to ictlafftixltl, Oltl )

XP! Xo , OCH E

• Mayer problem LEO

• Lagrange problem EEO '

Boba → Mayer .

define X.Oct) = Lct, XHI , Oct ) ) , Xocto) - O
'

⇒ ICH - Sto' Lltixithdcti ) dt
5=1×3×7 of a- EXIT Xo .

F -- CL,



M¥4 fabh ( u, Muli x'ly ) du .

f u → t .

mish J LA, x Hh ich dt
tr KCH = Oct ) .

m¥ftohH¥¥YIod Lagrange problem.




